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ABSTRACT

Private provision of public roads through build-operate-transfer (BOT) contracts is in-
creasing around the world in both developed and developing countries. Under a BOT
contract, a private firm builds and operates roads in a road network at its own expense,
and in return receives the revenue from road tolls for a number of years. Then these roads
are transferred to the government. Important issues are the length of the concession pe-
riod, capacity, toll charges and the benefits to the private investor, road users and the

whole society under various market conditions and government regulations.

Several issues related to a BOT toll road project are studied. This thesis first develops
a benchmark analysis of the BOT road contract viewed as a combination of concession
period, road capacity and toll charge under the assumption that the demand and cost
functions are known to both public and private sectors. A bi-objective optimization
problem is proposed for maximizing social welfare and private profit. And the proper-
ties of the concession period, service quality, social welfare and profit gains along the
Pareto-optimal frontier are studied. A variety of government regulatory regimes are also
investigated. We prove that: the private sector tends to offer a lower road capacity and
a lower service quality under the price-cap regulation, while it chooses a higher service
quality, a higher capacity and a higher toll charge under the rate-of-return regulation than
those associated with the corresponding Pareto-efficient solution. In contrast, we prove

that both the demand and markup charge regulations lead to Pareto-optimal outcomes.

ser heterogeneity in value-of-time (VOT) has long been a fascinating issue in road pricing
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studies. This thesis investigates the effects of the user VOT heterogeneity on the prop-
erties of the Pareto-efficient BOT contracts. Under some technical conditions, we prove
that, the Pareto-optimal road-life concession period is free from the effects of user het-
erogeneity, while, even with constant returns to scale, the service quality is not constant
and dependent on the curvature of the mean residual VOT function. The effects of user
VOT heterogeneity on the outcomes of various regulatory regimes are also investigated.
We find that, both the demand and markup regulations fail to achieve the Pareto-optimal

outcomes and result in a lower level of capacity and service quality.

In the presence of traffic uncertainty, this thesis proposes the BOT contract with full and
partial flexibility according to the instruments adopted by the public and private sectors.
Full flexibility refers to the case in which the public sector promises an exogenous rate
of return on the private investment and in turn can freely ex post adjust the contract
in a socially optimal manner according to the observed demand curve. Partial flexibility
refers to the case where the public and private sectors agree on an ex ante demand risk
allocation by contract and the ex post contract adjustment can be made contingent on
a Pareto-improvement to both parties. A preferred Pareto-improvement can be selected
from the Pareto-optimal solution set of a bi-objective programming problem equipped
with a rational preference. In comparison with the traditional rigid contract, in which,
private sector burdens all project risk, the proposed flexibility of the BOT contract is
valuable for the contract adjustment mechanism to solve the discrepancy between the
public and private sectors. Two other issues are also investigated in this thesis. One is
how to select the optimal combination of concession period, capacity and toll levels for
a BOT toll road project if the yearly increasing operation costs are incorporated in the
project. Another is how to choose the capacity and toll levels of an ”add-on” toll road
parallel to an existing one with various ownership regimes, namely the existing road can

be a free, public or private toll road.
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_1_

INTRODUCTION

1.1 Background

How should society go about expanding its road systems? Who would decide where to
provide more road capacity, and how much more? Where would funds for expansion
come from? The recent world-wide tendency toward the introduction of commercially
and privately provided public roads proves to be an efficient answer to these questions.
Private participation in road construction and operations has the advantages of efficiency
gains, private financing, and better identification of attractive investment projects. Such
participation is generally implemented through a build-operate-transfer (BOT) contract,
under which a private firm builds and operates roads in a road network at its own expense,
and in return receives the revenue from road tolls for a number of years, and then these
roads are transferred to the government. Such commercial and private provision of public
roads has attracted growing interest in recent years and such plans are being used to
finance modern road systems worldwide (Roth, 1996). Private participation in the form
of BOT franchises has worked well in a number of projects such as the tunnels in Hong
Kong. In mainland China, many local, mainly municipally affiliated companies have
undertaken the development of toll roads in recent years, often in joint ventures with
Hong Kong investors (Tam, 1998). Once road provision is market driven, many issues
must be carefully addressed, because the interests of the private sector are different from
those of the public sector. From the viewpoint of private sector, the profitability of a

project is of great concern because private firms are put at risk. From the viewpoint of

R fyl_llsl |

www.manaraa.com




the public sector, it is meaningful to assess whether the construction of a road will lead
to a positive welfare gain and also be profitable so that private provision is worthwhile.
In a BOT project, private sector receives a concession to finance, build and operate a
road over a set period of time, in exchange for the right to charge the users of the road
at a rate which makes the investment commercially viable. At the end of the concession

period the road is turned over to the state (Handley, 1997).

Private provision of roads is driven by a number of factors. A primary motivation is a
widespread belief that the private sector is inherently more efficient than the public sector,
and therefore builds and operates facilities at less cost than the public sector. Also, the
public sector, facing taxpayer resistance, may simply be unable to finance facilities that
the private sector would be willing and able to undertake for a profit (Gomez-Ibanez et al.,
1991). In addition, if new road space is provided as an "add-on” to an existing network
system, and if road users find it worthwhile to patronize this new road and pay charges,
and if the charges cover all costs (including congestion and environmental costs), all may
gain benefit, and there would be no obvious losers. Even those who do not use these new

roads would benefit from reduced congestion on the old ones (Mills, 1995).

Once road provision moves to a market economy, there are many intriguing issues to be
addressed. From the viewpoint of private investors, profitability of a project is of great
concern because their private firms are put at risk. Specially, the paucity of experience
with toll-charged roads and the long pay-back period after the initial investment make
it more difficult to predict future revenues and thus make the uncertainty and risks of
investment in roads very high compared to alternative investment options (Nijkamp and
Rienstra, 1995). Therefore, careful project selection and a clear identification and assess-
ment of the risks are important in order to guarantee that willing buyers are prepared
to pay sufficiently to induce willing suppliers to provide it. From the viewpoint of so-
ciety, it is meaningful to assess whether the construction of a road will give a positive
welfare increment if it is profitable, compared with the do-nothing alternative, and vice
versa whether any road which adds to welfare will be profitable, and hence can be pro-

More importantly, under the commercial and private provision of roads,
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what roles can a government play? What government regulations concerning private toll
roads should be imposed? For example, should the road charge level be controlled by
the government to prevent private firms from abusing their monopoly over the road and
for equity reasons (access to services for everyone)? It is obvious that these issues must
be addressed carefully, because transport infrastructure has major strategic, economic,
social, financial and environmental effects and because the interests of the private sector

are different from those of the public sector (Nijkamp and Rienstra, 1995).

1.2 Objectives

Private provision of roads is typically through a build-operate-transfer (BOT) contract.
The BOT projects use the market criterion of profitability for road development and
rely on the voluntary participation of private investors who hope to benefit financially
from their participation. A BOT contract generally involves three fundamental decision
variables: the concession period, the road capacity and the toll charge. These three
variables are crucial for both the private firm and the government to reach their respective
objectives: the private firm wishes to undertake the road project for a maximum profit
throughout the concession period; while the government aims to maximize social welfare
throughout the whole life of the road when awarding the road concession contract. The
concession period, the number of years operating the road for the private firm, directly
governs the private firms total toll revenue as well as the total social welfare gain during
the life of the road (the concession period and the post-concession period after the contract
ends). The selected road capacity affects both the private firms profit and the total social
welfare directly or indirectly. First, the road capacity determines the construction cost, the
major investment cost of the private firm for the road project; second, the road capacity
affects its congestion, and thereby travel times, which in turn affects the travel demand
and, as a result, toll revenue and the social welfare. The toll charge to a large extent
determines the total revenue that the private sector operator receives and it influences

the social welfare gain during the concession period as well. In summary, each of the three
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fundamental variables plays an important role in forming a feasible BOT contract. Their
values will determine the profitability and welfare gain of the project, and thus must be
selected carefully, because transport infrastructure has major strategic, economic, social,
financial and environmental effects, and because the interests of the private sector are

different from those of the public sector.

This thesis intends to address these important issues in the development of private toll
roads. The results can help potential private investors identify how, and under what
circumstances, a highway BOT project is feasible and profitable, and assist the public
sector in understanding how a proposed project will benefit the private investor, road
users and the whole of society. Therefore, the proposed topic is of widespread interest

and with many potential applications.

The main objectives of the research are: to use bi-objective optimization approach for
setting Pareto-efficient BOT contracts that strike a balance between public and private
interests in the procuring of road investment; to study how to reach the optimal BOT

contracts through bilateral negotiations.

With a practical consideration, the study will be extended to cover the following topics:
to examine the effects of the user heterogeneity on the properties of the Pareto-efficient
BOT contracts and the outcomes of various regulatory regimes; to develop a theocratically
tractable method to deal with the demand uncertainty for designing the contract of the
BOT toll road project; to explore other possibility of extensions and inspire other intrigu-
ing theoretical and practical topics, such as, optimal BOT toll road contract design with
road deterioration and user damage, transportation network capacity investment decision

with the mixed ownership regimes.
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1.3 Outline of the Thesis

The remainder of this thesis is organized as follows. Chapter 2 carries out a literature re-
view on related fields. Four branches literatures most relevant to this thesis are reviewed:
pricing, capacity choice and road financing; user heterogeneity and road financing; high-

way franchising; concessionaire selection and regulations.

In Chapter 3, we consider a bi-objective optimization problem for maximizing social wel-
fare and private profit to capture the different interests between the public and private
sectors. The properties of Pareto-efficient solutions for the bi-objective optimization prob-

lem are investigated, and the efficiency of various regulatory regimes are studied.

Chapter 4 extends the study of the previous chapter to consider the user heterogeneity
by assuming that the value-of-time of the travelers follows a continuous distribution.
Introducing two well-known concepts in reliability, we develop a theoretical method to
examine the effects of user heterogeneity on the properties of the Pareto-optimal solutions

and the efficiency of the regulatory regimes studied in the previous chapter.

In Chapter 5, we propose the full and partial flexibility of the BOT contract according
to the instruments adopted by the public and private sectors to deal with the demand
uncertainty. The public sector can freely ex post adjust the contract in a socially optimal
manner according to the observed demand curve in fully flexible contract with a promised
exogenous return rate on the private investment. While, in the partially flexible contract,
an ex ante demand risk allocation is agreed by both parties and the ex post contract
adjustment is required to be Pareto-improve. The optimal flexible BOT contracts with

the two types of flexibility are examined in this chapter.

Two other issues are also investigated in this thesis. One is how to select the optimal
combination of concession period, capacity and toll levels for a BOT toll road project

if a yearly increasing operation cost resulted from road deterioration and maintenance
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effects is incorporated in the project. Chapter 6 models the BOT problem as an iso-
perimetric problem in calculus of variations to maximize the social welfare with a profit
constraint explicitly incorporating the effect of road deterioration and maintenance over
the years. The maintenance cost depends on the traffic loads, road capacity and road
natural deterioration. We analyze the properties of the optimal pricing policy and propose
an efficient regulatory to achieve the optimal contract. The effects of economic growth on
the solution properties of the problem are investigated in this chapter. Another is how
to choose the capacity and toll levels of the "add-on” links for the government once the
emergence of the various ownership regimes in the transportation network because of the
increasing private provision of public roads. Chapter 7 theoretically analyzes the problem
of when and how to invest a new competitive toll road project to an existing alternative

with various ownership regimes.

A summary of this thesis is given in Chapter 8. We also point out some topics that justify

as the future research subjects.
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_2_

LITERATURE REVIEW

It has long been regarded incorporating congestion costs into road prices as essential to
an efficient use of road since road use has negative congestion externality (e.g., Knight,
1924; Pigou, 1920; Walters, 1961). To internalize the congestion externality and thereby
maximize social welfare, the classic marginal cost pricing principle states that road users
of congestion roads should pay a toll equal to the difference between the marginal social
cost and the marginal private cost. Although the road pricing theory is directly related
to the study, we intend not to repeat the review on road pricing studies. We should
mentioned here some more comprehensive reviews or monographs on road pricing include
(certainly not limited to) Lo and Hickman (1997), Yang and Verhoef (2004), Small and
Verhoef (2007), Yang and Huang (2005), Lindsey (2006). In this chapter, we focus the

literature review on the theory of road financing and highway franchising.

2.1 Pricing, Capacity Choice and Road Financing

Traditionally, large transportation infrastructure projects used to be funded primarily by
governments. Therefore, naturally, there have been a number of studies looking at the
linkage between the optimal congestion charge and road investment strategy in a first-
best environment. In this environment, the public planner sets a user fee equal to the
congestion externality. And, at the optimal capacity level, the ratio of the revenue from
the congestion charge to the cost incurred for capacity equals the elasticity of capacity cost

with respect to capacity. The ratio is the degree of self-financing (Mohring and Harwitz,

L fyl_llsl 7
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1962; Verhoef and Mohring, 2009). The special case with constant scale economics (the
elasticity is equal to one) is the exact self-financing theorem. Namely, the revenues from
optimal congestion pricing, equal to the difference between the marginal social cost and
the marginal private cost at any level of traffic flow, will be just sufficient to finance
the fixed costs associated with the optimal capacity supply. The conditions are satisfied
when there are constant returns to scale in road construction and maintenance, and the
capacity can be increased in continuous increments. There will be a deficit when there are
economies of scale in capacity construction (the elasticity is less than one), and a surplus
with dis-economies (the elasticity is less than one). These results are entirely consistent
with basic micro economic insights that tell us that the private sector that is forced to
apply marginal cost pricing will face a deficit under economies of scale, a zero-surplus

under constant scale economies, and a surplus under dis-economies of scale.

This classical exact self-financing result was later expanded in various ways. Henderson
(1985) showed that self-financing is achieved in a case where users have a choice between
two modes, which could be either driving or taking transit, or choosing between two
roads. Road damage cost was incorporated (Newbery, 1988, 1989) so that the road
charge, equal to the sum of the optimal congestion charge and road damage charge,
covers the fixed operating cost and the variable maintenance cost provided there are
constant returns to scale in construction and use of road capacity. Oum and Zhang
(1990) examined the relationship between congestion tolls and capacity expansion costs
when capacity expansion is indivisible. Arnott and Kraus (1998b) addressed the issue
that when anonymous congestion charges are consistent with marginal cost pricing in the
presence of user heterogeneity. They find that the self-financing theorem remains valid
in present value terms, provided the size of capacity additions is optimized conditional
on the timing of investments. This is true whether or not capacity is added continuously
or intermittently and whether or not the timing of investments is optimal. Small (1999)
examined the conditions under which a congestible facility is self-financing in the presence
of non-competitive factor markets. Yang and Meng (2002) showed that the self-financing

theorem holds for each road in a full network individually and consequently for the network
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in aggregate, provided each link is optimally priced and all capacities are optimized.

More studies contributed to answer the question how the under-pricing alternative affects
the optimal road width and the optimal fare in an imperfect or second-best environment,
in which, there is a unalterably under-pricing congestion road (Levy-Lambert, 1968; Marc-
hand, 1968). Verhoef et al. (1996) and Yang and Huang (2005) pointed out that in the
presence of an un-tolled substitute to a new toll road, the second-best toll falls short of
the marginal external congestion cost on the new route and the resulting revenue will fail
to cover the capacity cost, and the second-best road width exceeds the first-best level.
Arnott and Yan (2004) carried out a comprehensive review of the two-mode problem and
pointed out that there is still a long way to understand the toll and/or capacity decision
problem in the second-best environment because of many economic and political issues,
such as, the demand of the two roads is imperfect substitution. They proposed two dif-
ferent functions to model the demand levels of the two modes both dependent on the full

cost of the two roads and synthetically discussed this kind of problem.

To guarantee the efficient welfare outcome and financial equilibrium, another second-best
solution concept is to maximize the social welfare with a zero- or positive profit constraint
when considering the toll and capacity choice. Yang and Meng (2000) investigated the
profitability or self-financing and social welfare gain of a single new toll road in a general
network through numerical experiments. Verhoef (2008) and Verhoef and Rouwendal
(2004) addressed some implications of second-best congestion pricing for the applicability

of the self-financing theorem, using a numerical experiment approach.

2.2 User Heterogeneity and Road Financing

A key assumption of the many standard studies presented in the previous section is
that users experience the same disutility from travel delay. The concept of value-of-time

(VOT) as a pivotal toll in capturing the travelers’ tradeoffs between money and time is

AR\ Zyl_i.lbl 9

www.manaraa.com




now common in transportation network assignment literature. There are in general two
lines of approaches to dealing with the tradeoffs between cost and time. A first line of
approach consists of differentiating several discrete classes of users, each one with a VOT
belonging to some interval (Dafermos, 1973; Daganzo, 1983; Guo and Yang, 2009; Yang
and Huang, 2004). The second line of approach assumes a continuously distributed VOT
across users that can be inferred from the income distribution of the population (Dial,

1999a,b; Leurent, 1996).

In fact, user heterogeneity in VOT has long been a fascinating issue of road pricing studies
in the transportation literature. Edelson (1971) analyzed and compared the socially
optimal and monopolistic toll levels in a two-mode network. He showed that, in his model
formwork, the monopolistic toll level is identical with the socially optimal level when the
commuters have a homogeneous VOT, but may be lower or higher than that at social
optimum if the commuters vary in their VOTs. Mayet and Hansen (2000) investigated
second-best congestion pricing with continuously distributed VOT for a highway with
an unpriced substitute. They studied different optimal tolls depending on whether the
social welfare function is measured in money or in time, and whether toll revenue is or
is not included as part of the benefit. Small and Yan (2001) investigated the effects of
the degree of user heterogeneity on the efficiency of the toll policy by enlarging the VOT
difference of two user classes and keeping the average VOT as a constant. They suggested
that ignoring user heterogeneity may lead to serious underestimation of the efficiency
of a value pricing highway policy. Verhoef and Small (2004) examined the extent of the
effects of user heterogeneity on pricing policy by varying the type of the VOT distribution
used in their numerical examples. They claimed that VOT distribution as ”imperfect
information” should be considered when applying a road pricing policy. With explicit
incorporation of user heterogeneity, Liu et al. (2009) and Nie and Liu (2010) examined
the existence of Pareto-improving toll schemes in a two-mode network, and Guo and Yang

(2010a) explored Pareto-improving road pricing and revenue refunding schemes in general

networks.

aneous choice of toll level and road capacity, Yang et al. (2002)

10
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examined the impact of user heterogeneity on the profitability and social welfare gain of
a new toll road under various combination of toll level and capacity in a general network.
Xiao and Yang (2008) examined the likely bias of a monopoly market away from the social
optimum under the assumption that each trip-maker has a unique VOT when a new toll
road is parallel to an existing free road connecting a given origin and destination. They
investigated the efficiency loss and the road capacity and/or toll set by a monopolist
under different kinds of government regulatory regimes. Light (2009) investigated the
optimal toll and capacity decision with a continuous VOT distribution in the case of value
pricing that involves dividing a highway into free and priced lanes so that in equilibrium
the highway effectively operates at two levels of service. The planner sets the toll and
chooses the amount of capacity to provide the two levels of route service (the express and
high occupancy /toll lanes). He proved that it is beneficial to the planner to provide the

differentiated service in the sense of the aggregate social cost.

2.3 Highway Franchising

Governments today are increasingly finding themselves either unwilling or unable to fi-
nance a growing number of new infrastructure activities. They are looking for new ways
to provide public services at a lower cost to the taxpayers. Private provision of roads is
typically undertaken through a build-operate-transfer (BOT) contract, which becomes a
major means of the public-private-partnership (PPP) projects. Under a BOT contract,
the private sector builds and operates the public facility at its own expense, and in turn
receives the revenue from user fee for a period before the facility is transferred to the
public sector. It is different from privatization and nationalization. In particular, BOT
differs from privatization, in which, a government owns the entity first and then transfers
(sells) it to the private sector (Qiu and Wang, 2009). The former refers to the bundling
of the design, building, finance, and operation of the project, which are contracted out to
a consortium of private firms for a long period of time, usually 25-30 years. Furthermore,

the public sector specifies the service it wants, and some basic standards, but it leaves the
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private sector with control rights over how to deliver the service. In contrast, in privatiza-
tion, the government only adopts the economic instruments to regulate the private firm,
who buys the entity (Bennett and Tossa, 2006). Therefore, the first-of-all question is to
answer whether the BOT scheme is better than the conventional provision (nationaliza-
tion) and regulated privatization. Based on incentive analysis, Bennett and Iossa (2006)
showed that the desirability of bundling the building and management operations depends
on the externality of building investment. It is beneficial to the public sector to bundle
the building and management operations if increasing the building investment leads to a
fall in the cost of providing the service; and vice versa. Qiu and Wang (2009) proposed
a new BOT framework to deal with the unverifiable project-quality, in which, the BOT
project lasts for two operation periods. The private sector automatically operates the
project in the first period after building it, and the public sector determines whether or
not to extend the concession based on the observed quality and pre-determined rules. En-
gel et al. (2008) systematically studied the economic and political issues to answer when

to adopt the PPP form and how to determine the optimal contract.

In this thesis, we suppose that a BOT toll road project has been adopted by the public
sector, who contracts with the private sector to achieve several simultaneous objectives:
construction and operation of the project at minimum cost; provision of quality services
to drivers; efficient use of capacity by appropriate pricing; expansion of capacity according
to social needs; and the financial equilibrium of the concessionaire (Nombela and de Rus,
2004). The above mentioned analyses in Sections 2.1 and 2.2 have focus on capacity
choice and/or toll setting and the resulting profitability and social welfare gains. The
concession period was usually assumed to be given and fixed (the converted unit cost of
capacity per unit period was thus a given constant). Indeed, the fixed term concessions
have been standard contracts between the public sector and private operators. However,
demand uncertainty and fixed term contracts can make it impossible to fulfill the con-
cession agreement in many cases, and contract renegotiation has been used to restore
financial equilibrium. This has some undesirable economic consequences: selecting the

most efficient concessionaire is no longer guaranteed, and prices lose their role as sig-
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nals of allocative efficiency (Engel et al., 1997, 2001; Nombela and de Rus, 2004). The
flexible-term contracts for road franchising have been proposed for achieving efficient pric-
ing and cost recovery without contract renegotiation, and they can be implemented fairly
easily. For example, in a least-present-value-of-revenue auction, the bidding variable is
the present value of toll revenues, the lowest bid wins, and the franchise ends when the
amount has been collected (Engel et al., 2001; Nombela and de Rus, 2004). In this case
the linkage between traffic uncertainty and revenue uncertainty is effectively broken; the
contract term is endogenously determined by the realized level of future demand, so it is
shortened in case of high demand and extended if traffic levels are low. The simulation-
based approach and Monte Carlo simulation technique are common tools in engineering
literature to quantify construction and market risks for decision making (Zhang, 2009).
A critical simplifying assumption of those studies is that traffic congestion is ignored or
the travel time and thus traffic demand is independent of the road capacity or initial
investment level for the new road (equivalent to assuming that the road capacity was pre-
determined and large enough). Recently, Guo and Yang (2010b) conducted a preliminary
study on the selection of the concession period with deterministic demand and homo-
geneous users. They incorporated all three essential variables (concession period, road
capacity and toll charge) and explicitly considered traffic congestion and demand elas-
ticity for unconstrained and profit-constrained welfare-maximizing BOT contracts. They
found that it is better to set the concession period as long as possible in the sense of the
social welfare. Although their analysis is based on the perfect information (demand and
cost are known to both parties), the result is still practically meaningful even the demand
is uncertainty according to Engel et al. (2008). The latter showed that, under uncertain
demand, given a minimum revenue guarantee and a revenue cap restriction, the flexible
concession period is last definitely except the realized demand level is high enough to

exceed the revenue cap. They assumed an exogenous upfront investment (no congestion).
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2.4 Concessionaire Selection and Regulations

Concessionaire selection and regulation are two significant topics once the public sec-
tor decides to provide the road service using BOT schemes. In highway franchising,
concessionaires are usually selected through auctions at which candidates submit bids
for tolls or payments to the government. Engel et al. (2001) investigated the optimal
full-information contract for each demand state by assuming that the travel demand is
revealed, immediately, after the highway is built. Since the auction takes place before
demand is realized, the bidding variable cannot be state-contingent. They showed that
the toll and franchise term can not achieve the desirable optimal contract. They then pro-
posed a Least-Present-Value-of-Revenue (LPVR) bidding mechanism: the public sector
first announces the discount rate and the toll associated with each demand state; and the
private sectors bid the least present value of toll revenue; the lowest wins the bid. They
proved that the LPVR auction implements the optimal contract. In the spirit of Engel
et al. (2001), also allowing a flexible franchise term, Nombela and de Rus (2004) pro-
posed a bi-dimensional auction bidding for total net revenue and maintenance cost. Since
the maintenance cost is fixed and invariant to the level of demand, the bi-dimensional
bidding, essentially, is similar to the LPVR auction because that the public sector can
promise to burden the maintenance cost and only let the potential concessionaires bid the
least present toll revenue. Another problem is that the maintenance cost is hard ex post
verified. But, the bundling the maintenance cost in bidding is important and practically
meaningful. Recently, without considering the concession period and demand uncertainty,
Ubbels and Verhoef (2008) analyzed capacity choice and toll setting by private investors
for a toll road competing a free alternative in a competitive bidding framework organized
by the government. They considered capacity and toll selection based on four auction
mechanisms including minimizing the full cost of the users, maximizing capacity, mini-
mizing subsidy (second-best solution results in a negative surplus in presence of the free
alternative), minimizing travel costs and subsidy divided by total traffic demand. They
compared the resulting welfare gains (or losses) from the first-best welfare outcome. In

claimed that the fourth auction mechanism is most efficient
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and nearly results in the socially optimal welfare level in the second-best environment.
Furthermore, when the capacity level of the free road approaches to zero (no competitive
alternative), both the second and fourth mechanisms are efficient and result in first-best
welfare outcome. The degenerative situation corresponds to the single-road network. The
result has been proved by Guo and Yang (2010b) and says that the highway patronage
is an efficient bidding variable resulting in the optimal contract. Differentiating to Engel
et al. (2001), Guo and Yang (2010b) assumed that the capacity or the upfront invest-
ment is a contract variable besides the franchise term and toll charge, and the demand is

deterministic.

Government economic regulations, besides the safety and environment intervene, are nec-
essary once she faces the profit-maximizing natural monopoly to provide the road service,
which might result in abusive pricing and harm to movability. The economic regula-
tions are increasingly adopted by the governments as more and more private participant
in transportation industries (railway, airport and roadway). Traditionally, governments
have relied on rate-of-return (ROR) regulation, under which they guarantee that opera-
tors will recover their costs and make enough money to remunerate investors, and thus,
also called cost-plus regime. under this regime, the operators do not have a strong incen-
tive to cut costs. As a result, the government introduced the price-cap regulation, which
results in a high incentive to cut costs, but, simultaneously, a low investment on service
quality or disregarding safety. Furthermore, the ROR regulation entails little risk since
cost recovery is almost guaranteed whatever the demand, while price-cap regulation shifts
all risk onto the private sectors (Train, 1991). For a single highway, Guo and Yang (2010b)
proved that regulating the travel demand (ensuring the minimal user number) is efficient
even when the profit-maximizing private sectors are allowed to select any combination of
the franchise term, toll and investment level. Considering the two-road network, Tsai and
Chu (2003) studied regulation alternatives for governments on private highway investment
under a BOT scheme set up to protect both road users and private sector. The impact
of various circumstances (such as a minimum flow constraint) on traffic demand, as well

as users’ cost, profit levels, and welfare were explored. They found that a BOT project
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with regulation performs between the cases of maximizing welfare and that of maximum

profit.

The competition between several franchisers in road market sometimes may substitute
for the regulations since there are various alternatives to traverse between one OD pair
(Engel et al., 2004). An increasing interest is viewed recently in the topic of toll road
competition. The issue was first addressed by De Vany and Saving (1980). In their model
a fixed number of firms operate identical parallel roads between a single origin-destination
pair with elastic demand. De Palma (1992) also examined the competition in terms of
toll charges on two parallel private roads. The analyses showed that private competi-
tive supply and pricing of highways can be welfare improving, but much should be done
to understand what types of regulation have to be imposed on the private oligopoly or
monopoly. Yang and Woo (2000) examined graphically the competitive Nash equilibrium
by considering two toll roads provided and operated by two profit-maximizing private
firms. Engel et al. (2004) and Acemoglu and Ozdaglar (2007) examined efficiency losses
of toll road competition for some simplified case under certain restrictive assumptions.
The capacity investment decision incorporated in the private toll roads competition is
conducted in recent research. De Borger and Van Dender (2006) analyzed a model with
two substitute congestible facilities under three administrative regimes: (a) social opti-
mum, (b) monopoly, and (c¢) duopoly in a sequential capacity-then-toll game. Verhoef
(2007) examined the efficiency impacts of private roads in initially un-priced networks.
His study allows for capacity and toll choice by private operators, and endogenise entry
and therewith the degree of competition, allowing for both parallel and serial competi-
tion. Xiao et al. (2007a,b) studied both toll and capacity competition among private
asymmetric roads with congestion in a network with parallel links. They showed that the
volume-capacity ratio or service quality of each road makes no difference for a network
of parallel links between the oligopolistic market and the social optimum under the as-
sumption of homogeneous of degree zero link travel time functions and constant return
to scale in road construction. Mills (1995) discussed the possibility of divergence between

profit and welfare for a tolled link in a simple road network. In particular, he showed
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that a link that is profitable can nevertheless entail a welfare decrement. De Palma et al.
(2007a) studied maintenance and tolling decisions by two competing private operators of
roads that experience depreciation and congestion. They found that the system performs
better when maintenance and tolling decisions are made simultaneously rather than se-
quentially, because firms in the sequential game curtail maintenance in the first stage in

order to soften toll competition in the second stage.

However, in reality, it is impossible for many parallel roads to enter the market simul-
taneously because of the high up-front investment. The entry-time id different and thus
decision variables are asymmetric: an "add-on” road can be determined by capacity and
toll while only the toll level can be adjusted for an existing toll road. And the ownership
regimes in the road networks tend to be diversified, which results in a mixed oligopoly mar-
ket, such as the private firms aim to maximize profit while the government cares about the
social welfare of the whole network. The well-known BOT schemes are the three harbour
tunnels in Hong Kong (Hong Kong Cross-Harbour Tunnel, Eastern Harbour Crossing and
Western Harbour-Crossing), operating from beginning 1972, 1989 and 1997 and owning
for a 30-year concession period, sequentially. Because of the early termination of the con-
cession, two of the tunnels are operated by two different private firms, respectively, and
one is controlled by the government. De Palma and Lindsey (2000) investigated the toll
mechanism and efficiency gains under the environment of two parallel roads with three
private ownership regimes: (1) a private road on one route and free access on the other,
(2) a private roads duopoly, and (3) a mixed duopoly with a private road competing with

a public toll road.

2.5 Summary

This chapter gives a literature review on the past studies and figures the background for
this thesis. Most previous analyses of road investment have focused on capacity choices

and setting tolls and the resulting profitability and social welfare gain, specially, in a
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first-best or second-best environment. A lot of issues challenge the researchers once the
private sector participates the public highway projects: the public sector is not be the
unique decision-maker in a highway project; the concession term plays a key role as the
capacity and toll levels to affect the welfare and profit gains of the project; the strategic
behavior between parties affects the welfare and profit outcomes of the project. Although
those issues attracted the attentions of several economists, their analysis followed a general
model framework by simply assuming a given capacity investment. This thesis conducts
an investigation on the highway franchising problem by incorporating the concession term,

capacity and toll as the decision variables and taking into account both profit and welfare

outcomes.
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_3_

PARETO-EFFICIENT BOT CONTRACTS AND
REGULATIONS

Two objectives associated with a build-operate-transfer (BOT) toll road project, should
be considered, namely, to maximize the social welfare and to maximize the profit. This
chapter proposes a bi-objective programming problem to analyze the benefit of a BOT
toll road project. We investigate the properties of the Pareto-efficient solution of the
problem, and then discuss various regulatory regimes including the rate-of-return, price-
cap, demand and markup charge regulations. The behavior of the profit-maximizing

private sector under those regulations and the resulting efficiency are studied.

3.1 Introduction

Private provision of roads is typically undertaken through a build-operate-transfer (BOT)
contract. Under a BOT contract, the private sector builds and operates the road at its
own expense, and in turn receives the revenue from road tolls for a period before the road
is transferred to the government. BOT projects use the market criterion of profitability
for road development and rely on the voluntary participation of private investors who
hope to benefit financially from their participation. A BOT contract generally involves
three fundamental decision variables: the concession period, the road capacity and the
toll charge. These three variables are crucial for both the private firm and the government

to reach their respective objectives: the private firm wishes to undertake the road project
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for a maximum profit throughout the concession period; while the government aims to
maximize social welfare throughout the whole life of the road when awarding the con-
cession contract. The concession period, the number of years operating the road for the
private firm, directly governs the private firms total toll revenue as well as the total social
welfare gain during the life of the road (the concession period and the post-concession
period after the contract ends). The selected road capacity affects both the private firms
profit and the total social welfare directly or indirectly. First, the road capacity deter-
mines the construction cost, the major investment cost of the private firm for the road
project; second, the road capacity affects its congestion, and thereby travel times, which
in turn affects the travel demand and, as a result, toll revenue and social welfare. The toll
charge to a large extent determines the total revenue that the private firm receives and it
influences the social welfare gain during the concession period as well. In summary, for a
congestible toll road with elastic demand, each of the three fundamental variables plays
an important role in forming a feasible BOT contract. Their values will determine the
profitability and welfare gain of the project, and thus must be selected carefully, because
transport infrastructure has major strategic, economic, social, financial and environmen-
tal effects, and because the interests of the private sector are different from those of the

public sector.

In this chapter, we propose to view a BOT contract as a combination of concession
period, road capacity and toll charge. In view of the different interests between the public
and private sectors, we consider a bi-objective optimization problem for maximizing social
welfare and private profit, with respect to the three primary variables of concession period,
road capacity and toll charge, for a given toll road. By assuming that the government
and the private firm both have perfect information on the project cost and future traffic
demand, we examine the properties of the Pareto-optimal solution set. Each Pareto-
optimal solution dictates a Pareto-efficient BOT contract that leads to an efficient outcome

in the sense that neither social welfare nor private profit can be further enhanced without

reducing the other.

Anothe he BOT toll road project is how to achieve the Pareto-efficient con-

ol Lel Zyl_i.lbl )

www.manaraa.com



tracts. This chapter focus on the discussion of the government economic regulations by
assuming that the private sector is the natural monopoly. The behavior of the profit-
maximizing private sector and the welfare outcomes under those regulations should be
first understood and investigated by the public sector. The efficient regulatory mecha-

nisms then be selected to achieve a predetermined desirable Pareto-optimal outcome.

The chapter is organized as follows. Section 3.2 introduces our bi-objective programming
formulation of a BOT toll road scheme and the definition of Pareto-efficient contracts.
Some important properties of the set of Pareto-efficient contracts are explored in Section
3.3. A further analysis of the efficiency of a given Pareto-optimal contract in comparison
with the social optimum is conducted in this section. Section 3.4 extends the analysis
to the general cases of decreasing and increasing returns to scale in road construction.
Section 3.5 investigates a variety of regulatory regimes for the government to achieve a
predetermined Pareto-efficient contract. Numerical examples are used to elucidate our

results in Section 3.6, and, finally, conclusions are presented in Section 3.7.

3.2 Basic Definitions and Assumptions

Assume that the government wants to get a private firm to build a new highway whose
technical characteristics are exogenous. Let y > 0 be the capacity of the new road, ¢ > 0
be the travel demand and B(q) be the inverse demand function (or the marginal benefit
function), and ¢(g,y) be the link travel time function. Note that ¢ and y are measured
in the number of vehicles per unit period. The following demand-supply equilibrium

condition always holds:

B(q) =p+Bt(q.y), (3.1)

where p is the toll charged to each user of the road and § is the value-of-time to convert
time into an equivalent monetary cost (we consider homogeneous users only). Condition

(3.1) simply means that travel demand for the new road is determined by the full price

AR\ Zyl_ﬂbl )

www.manaraa.com




for a trip. Let I (y) be the construction cost of the highway as a function of capacity. The

following assumption is made about B (q), I (y) and ¢ (¢, y) throughout the chapter.

Assumption 3.1. (a) The inverse demand function, B (q), is a strictly decreasing and
differentiable function of q for ¢ > 0; ¢B (q) is a strictly concave function of q for ¢ > 0.
(b) The road construction cost function, I (y), is a continuously increasing and differen-
tiable function of y fory > 0.

(¢) The travel time function, t (q,y), is a continuously differentiable function of (q,vy) for
q>0andy > 0; for any q > 0, t(q,y) decreases with y; for anyy > 0, t (q,y) is a convex

and increasing function of q.

From equilibrium condition (3.1), the toll, p, can be viewed as the following function of

the demand, ¢, and the capacity, y:

p(q,y) = B(q) — Bt(q,y). (3.2)

For a given y, the toll, p, is uniquely determined by the demand, ¢q. Therefore, determining
the variables p and y is essentially equivalent to selecting the variables ¢ and y. Hereafter,

the demand, ¢, is substituted for the toll, p, for convenience of exposition.

We first consider the private firm’s problem. Let T, T > 0, be the life of the road
under consideration. The private firm must choose a combination of the BOT variables,
including the concession period, T, with 0 < T < T, the travel demand q (or equivalently,
the toll charge, p) and the road capacity, y, to maximize its profit, P (T, q,y), during the

concession period T

P(T,q,y) =Tqp—1(y), (3.3)

where the travel demand, ¢, is determined by condition (3.1), the first term of Eq. (3.3)
is the total toll revenue collected by the private firm during the concession period and the

second term is the construction cost, which is fully borne by the private firm. With Eq.
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(3.2), problem (3.3) can be rewritten as:

P(T,q,y) =TqB(q) — 8Tqt (¢,y) — I (y). (3.4)

From Part (c¢) of Assumption 3.1 that ¢ (q,y) is convex, ¢t (q,y) is convex in ¢ for any
given y > 0. From the strict concavity of ¢B (q), the profit function, P (T, q,y), is strictly

concave in ¢ for any given y and 7.

Next, we consider the government’s problem of choosing the best combination of the BOT

variables (T, ¢, y) to maximize the social welfare during the whole road life, T

W(T,q,y)ZTS(q,y)Jr(T—T)g(y)—f(y), (3.5)

where T (y) is again the construction cost, S (¢, ) and S (y) are, respectively, the unit-time

social welfare during the concession and post-concession periods and determined below:

S(g.y) = /Oq B (w)dw — Bqt (¢,y); (3.6)
5) = maxS () =max [ B(w)du = ot (a.0). 37)

Equation (3.7) implies that, during the post-concession period, the road capacity is given
and fixed and the government can select the optimal traffic volume to maximize the

unit-time social welfare only.

Therefore, the BOT problem can be defined as selecting simultaneously the combination
of the three variables (7', q,y) to maximize the total social welfare and the private firm’s

profit, which can be formulated as the following bi-objective programming problem:

W(T,q,y)

e (38)
T\ P(T,q,)

where Q = {(T, q,y):0<T< T,q>0,y> 0} and social welfare, W (T, ¢, y), and profit,
P(T,q,y), are defined by (3.5) and (3.4), respectively.
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Our task here is to seek the set of the Pareto-efficient solutions of the bi-objective opti-
mization problem (3.8). Since a BOT contract is essentially an outcome of negotiation
between the government and the private firm and can be characterized by a combination
of (T,q,y), we are now ready to define a Pareto-efficient contract for the BOT problem
(3.8) as follows.

Definition 3.1. Pareto-efficient BOT Contract A BOT triple (T*,q¢*,y*) € Q is
called a Pareto-efficient contract if there is no other feasible BOT triple (T, q,y) € 2 such
that W (T, q,y) > W (T*,q¢*,y*) and P(T,q,y) > P(T*, q%,y*) with at least one strict

imequality.

The Pareto-efficient BOT contract is an important and meaningful concept that represents

the situation in which no party can be made better off without making the other one worse

off.

For simplicity, we do not adopt an interest rate to discount future revenues to their
equivalent present values. In fact, the use of a discounting rate does not alter our results
since both social welfare and profit in this chapter are invariant with the calendar time.
The result is shown in the following lemma for the same reason given by Guo and Yang

(2010b).

Lemma 3.2.1. Both the public and private sectors’ decisions are free from the effect of

discounting factor.

Proof. Here we show that the use of a discounting factor on the stream of future revenue
does not alter our results. Assume time 7 is continuous and let r be an interest rate of
reference used for discounting all monetary units to equivalent values at 7 = 0. The social

welfare (3.5) and the profit (3.4) functions should be rewritten as

W (T.q.y)= [y S(q.y)edr + fTT S(y)emdr —1(y)
= =TS (gy) + (T =) S () - T ()
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and

P(T,q,y) =/O R(qy)e"dr =1 (y) = ¥R(q, y)—1(y). (3.10)

Denote L = (1 —e™") /r and L= (1 — e*"“T> /r. Then, the bi-objective programming

problem (3.8) would not change. O

It is clear, from the discussion, that the discount rate has not impact on our remaining

analysis of this chapter.

3.3 Constant Returns to Scale in Road Construction

3.3.1 Properties of Pareto-efficient BOT contracts

In this section, we examine the properties of Pareto-efficient contracts in the BOT problem
(3.8) under perfect information, namely, the demand and construction costs are common
knowledge to both the public and the private sectors. We begin with the following propo-

sition.

Proposition 3.3.1. Under Assumption 3.1, if a triple (T*,q*,y*) € Q is a Pareto-
efficient BOT contract, then T = T.

Proof. Suppose that (T*,¢* y*) € Q is a Pareto-efficient BOT contract and T* < T.
Denote ¢; as the maximizer of S (¢, y*) given by (3.6). From the first-order condition, we

have

p=B(qa)-Bt(@,y") =Ba ((gq’y)>0,

which implies that, if ¢* = ¢1, then 7% = T', because if T* < 1" then (T*, q*, y*) is strictly

dominated by T q,y ), or the private firm can increase its profits by prolonging the
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concession period without changing the interest of the public sector.

We now prove T* = T if ¢* # ;. To see this, we show that any (7%, ¢*,y*) with T* < T
must not be Pareto-optimal, i.e., it must be dominated by another feasible BOT triple.
First, from Assumption 3.1, we know that, for any given y > 0, both the unit-time social

welfare S (¢, y) given by (3.6) and the following unit-time toll revenue

R(q,y) =q(B(q) — Bt(q,y))

are strictly concave in ¢q. Let T** be T = T* + AT, AT > 0, and denote any convex
combination of ¢* and ¢; as ¢ = ng* + (1 —n)q, n € (0,1). From the concavities of
S(q,y) and R(q,y), we have

WA, ¢, y") = (I"+AT)S (ng" + (1 —n) q1,y")
+(T— (@ + A7) S (@,y) — 1)

(3.11)
> W(T*,q",y)
+((1=n)T* =nAT) (S (q1,y") — S (¢, y"))
and
P(T*, ¢ y" )= (T"+AT)R(ng" + (1 —=n)q1,y") — I (v)
> Py (3.12)

+ AT — (1 =) T*) (R(¢*y") — R(q1,9"))
+ATR (q1,y") .

Since T* < T , we can always choose 7 in (0,1) and a positive AT such that nAT —
(1—=n)T*=0o0rn=T/(T"+AT). As a result, (T, ¢™,y*) dominates (7™, ¢*, y*),
which conflicts the Pareto-optimality of (7™, ¢*,y*). Note that capacity is fixed at y*
throughout the proof even though optimal capacity generally changes when ¢ and T
change. This does not invalidate the proof because it is only necessary to show that a
contract (17", ¢**,y*) exists that Pareto-dominates contract (7, ¢*, y*) when T* < T.

The proof is completed. O
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Proposition 3.3.1 states that any Pareto-efficient BOT contract requires a whole road life
concession period. This "lifetime concession period” result seems to be realistic because
several BOT contracts around the world have been awarded for 99 years, including High-
way 407 in Toronto, the Chicago Skyway and the Pocahontas Parkway (Virginia Route
495) in Richmond, Virginia.

The economic logic of Proposition 3.3.1 becomes clear in the cases of monopoly and
socially optimal solutions corresponding to the two polar points of the Pareto-efficient
frontier of the bi-objective programming problem (3.8). First, maximizing the profit
for a monopoly solution clearly requires as long a concession period as possible since
profit in each operating period is positive (only the initial road construction costs are
considered and maintenance and operating costs are ignored). Second, we note that
the social welfare, given by Eq. (3.5), comes in the concession and the post-concession
periods. If the concession period is less than the lifetime of the road, and the capacity
and price of the road are fixed at their optimal (welfare-maximizing) values, it is a matter
of indifference for the government how the transfer time is determined. However, the firm
can reach a higher profit or Pareto improvement can be made when the transfer time is
extended. In this case, the socially optimal and Pareto-efficient contracts must extend for
the full lifetime of the road. Next, we consider a concession period less than the road life
for any Pareto-efficient solution other than the monopoly and social optimum. Since the
franchising firm realizes a positive contribution to its profit in each period, extending the
concession period will therefore certainly increase profits at the prevailing price/capacity
that differs from the socially optimal value. Such an extension therefore provides room
for price and/or capacity changes that are more in the interest of social welfare without
lowering private profits during the concession period. However, there may still be a loss
associated with this change. Extending the concession period means that the government
is no longer able to set a welfare-maximizing price during the extension of the concession
period. In this case, it is not intuitively clear if extending the concession period will
result in a net social welfare gain. From the proof of the proposition, we can see that

the property of Pareto-efficient BOT contracts with full life-concession period, essentially,
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is guaranteed by the concavities of the unit-time social surplus and revenue functions
in demand. This implies that a contract in which the firm operates at a moderate or
compromise output throughout the road’s life is Pareto superior to a two-stage contract
with the firm earning a relatively high profit in the first stage and nothing in the second

stage, while welfare suffers badly in the first stage because of the low output.

With Proposition 3.3.1, it is sufficient to set T" = T in our subsequent analysis of the
bi-objective problem (3.8). To obtain useful insights into Pareto-efficient BOT contracts,
the following two common assumptions in the literature are introduced and used hereafter

unless otherwise explicitly noted.

Assumption 3.2. Link travel time function, t, is homogeneous of degree zero in the link

flow, q, and the link capacity, y, i.e., t (aq, ay) =t (q,y) for any a > 0.

Clearly, the widely used BPR (Bureau of Public Roads) link travel time functions satisfy
this assumption. Note that, with this assumption, for any y > 0, t(¢,y) = t(¢/y,1).
With a slight abuse of the notation, we denote ¢ (q,y) as t () for convenience, where ~,
v = q/y, is the volume-capacity (v/c) ratio. The v/c ratio, 7, is an important index to
capture the service quality of the highway: the larger the value of 7, the longer the travel
time and thus the worse the service quality and vice versa. Since the concession period
extends to the whole road life in the static environment considered here, the v/c ratio

under a given BOT contract is unchanged over time.

Assumption 3.3. Constant return to scale in road construction, namely, I (y) = ky,

where k denotes the constant cost per unit of capacity.

Let (T, q, 3}) and (T, q, gj) be the socially optimal (SO) and monopoly optimal (MO)
solutions, which maximize social welfare, W (T, q, y), and profit, P (T, q, y), respectively,

or they meet the following first-order conditions, respectively:

oW _
Jdq

= B (q) — Bt (¥) — Bt (7) = 0, (3.13)

AR\ Zyl_ﬂbl )

www.manaraa.com




5y = TBANY(3) - k=0, (3.14)
and

e = B0+ aB (@) - pt(3) - 53¢ (7) =0 (3.15)

86—5 = T8t (3) — k=0, (3.16)

where 4 and 4 denote the SO and MO v/c ratios, respectively, namely, 4 = ¢/7 and
7 = q/y. By comparing conditions (3.14) and (3.16), it is readily seen that 4 = 74 from
the fact that ~*t' () is strictly increasing in v and thus both equations have the same
unique solution of v. More generally, we draw the following conclusion on the v/c ratio

for any Pareto-efficient BOT contract.

Proposition 3.3.2. Under Assumptions 3.1-3.3, the v/c ratio, v*, for any Pareto- effi-
cient BOT contract (T, q-, y*) solves

TB(y)*t (v*) = k. (3.17)
Thus, it is constant along the Pareto-optimal frontier and equals the socially optimal v/c

ratio, 7.

Proof. Suppose that (T, q*,y*) is a Pareto-efficient contract. Then, (¢*,y*) solves the

following Lagrange problem

Ligym) = T ([ Bw)dw—pgt (1)) = 1()

+ 0 ((Ta(B@) -pe (L)) - 1w) - P7).

where P* = P (T, q*,y*) and n > 0 is the Lagrange multiplier. We have the following

(3.18)

first-order conditions:

% (L) TB() — (LT (Bt (%) + pL 2i)

. (3.19)
+nTq"B' (¢") =0
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and
oL TA qr 28t (q*/y*)
dy 1 77)( ﬁ(y*) Oy k) N (3:20)

Denote v* = ¢*/y* as the v/c ratio. Since n > 0, condition (3.20) can be reduced to
TB(y )"t (v*) = k. (3.21)

Since t(-) is strictly convex, Eq. (3.21) admits a unique solution, which implies that

~v* = 4. This completes the proof. .

The v/c ratio, 7, governs the travel time or delay of road users. Xiao et al. (2007b)
compared the service quality levels of a congested highway offered by a profit-maximizing
monopoly and by the public sector. If users value product quality equally (corresponding
to homogeneous users with identical values of time), Xiao et al. (2007b) proved that the
monopoly firm would offer the same service quality as the public sector, which is in line
with the well-known economic findings (Spence, 1975). Proposition 3.3.2 further reveals
that the service quality will coincide with that preferred by the public sector whenever

the BOT contract is Pareto-efficient.

The structure of Pareto-efficient BOT contracts turns out to be very simple from Proposi-
tions 3.3.1 and 3.3.2: it includes a whole road-life concession period, T , and a constant v/c
ratio, v. We define the contract curve in the demand-capacity space or the Pareto-optimal

solution set of problem (3.8) (with concession period T = T) as:

O = {(q*,y*)

(T . q", y*) is a Pareto-optimal solution} : (3.22)

Any efficient bargaining between the public and the private sectors should result in an
agreement on the contract curve. Any feasible BOT contract off the contract curve would

be inefficient.

From the assumption that B (q) is strictly decreasing and 4 = 4, we immediately ob-
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Figure 3.1: The contract curve and Pareto-optimal frontier

tain ¢ > ¢ by comparing Egs. (3.13) and (3.15). Note that under Assumptions 3.1-3.1,
both W (T . q, y) and P (T, q, y) given by the bi-objective programming problem (3.8)
are jointly concave in (¢, y), and, thus, the Pareto-optimal solution set is connected (War-
burton, 1983). Therefore, the contract curve defined by (3.22) is the portion of the line
connecting (¢, 7) and (¢, y) with slope 4. Figure 3.1 shows the contract curve and the
corresponding Pareto-optimal frontier in the decision space (¢, y) and the objective space
(P,W) as bold curves. The arrows indicate increasing social welfare. For any BOT con-
tract, (T,q,y), the average social cost (ASC) (per user per unit time or per trip during

the concession period) is defined as:

asc=LOWW W) _ g (%) + 1w (3.23)

Tq Tq

The ASC does not change over calendar time in the static case considered; it equals the
sum of two terms: the average travel time (in monetary units) and the construction cost
allocation per trip. For any Pareto-efficient BOT contract, (T, q, y*), by Assumption
3.1 and condition (3.17), the ASC given by (3.23) for T =T can be calculated as:

ASC = Bt (v") + B7*t (7). (3.24)

From Proposition 3.3.2, we readily obtain the following result.

Proposition 3.3.3. Under Assumptions 3.1-3.3, the average social cost defined by (3.23)
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in any Pareto-efficient BOT contract (T, q, y*) is the same as the socially optimal ASC.

Like the v/c ratio in Pareto-efficient BOT contracts, the ASC is constant along the Pareto-
efficient frontier and equals the socially optimal ASC. Let Cy denote the constant ASC
under Pareto-efficient BOT contracts. From Eq. (3.24) and condition (3.13), we have
Co = Pt (¥) + pyt' (7) = B(G). Also, from Eq. (3.2), condition (3.13), Assumption 3.3
and the definition of ASC in (3.23), we readily know that in a socially optimal BOT

contract (T ,q, g), the toll charge equals the allocation of the construction cost per trip:

_ i ~_ 1@
p=B(q) —pt()=——
Tq
The toll revenue just covers the construction cost of the road, which is the classical self-
financing result (Mohring and Harwitz, 1962). However, for any other Pareto-efficient

BOT contract, (T, q, y*), other than the socially optimal contract with ¢* < ¢,
B(q") > B(q) = Co, (3.25)

which means that the average generalized travel cost would exceed the average social cost.
By subtracting the average travel time (in monetary units) on both sides of inequality

(3.25), we have:

> B() — Bt(r) = B(@) — Bt (3) = Ij;g -1 (3.26)

The last two equalities follow the result from Proposition 3.3.2. Equation (3.26) reveals
that the Pareto-efficient BOT contract, (T . q", y*) , with ¢* < ¢ will be strictly profitable.
Hence, we can view the corresponding toll charge, p*, as the sum of two distinct parts:
one for recovering the road construction cost, denoted as p;, and the other for gaining
profits on the investment, denoted as p, and called the markup charge. From condition

(3.17), p1 can be expressed as

Iy BT ()Y e kO YY)
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Figure 3.2: Geometric illustration of Pareto-efficient toll charges, demand and profits

Thus, for any Pareto-efficient BOT contract, (T, q*,y*), p1 is constantly equal to the
socially optimal toll since v* = 4 and it exactly equals the congestion externality. The
t

markup charge imposed on each trip, p, can be calculated as

pp=p —p1=B(q) = Bt(y") =Byt (v") = B(q") — Cy, (3.28)

where the last equality follows from Proposition 3.3.3.

From the above analysis, we have clear knowledge of the profitability of a private road
when a Pareto-efficient BOT contract, (T, q, y*) , is awarded to a private firm: the private
firm invests Tq*pl and earns a profit equal to Tq*pg. In particular, with a socially optimal
BOT contract, (T, q, gj), py = 0 and the profit is nil. These observations are illustrated

geometrically in Figure 3.2.
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3.3.2 Efficiency of Pareto-efficient BOT contracts

In this section, we devote our analysis to the divergence between the socially optimal
BOT contract and the other Pareto-efficient BOT contracts in terms of the realized social

welfare. The degree of divergence is measured by the following ratio of social welfare:

W*

p=— <10, (3.29)

where W* is the total social welfare realized under a Pareto-efficient BOT contract,
(T, q*,y*), and W =W (T, q, gj) is the maximized social welfare in a socially optimal

solution.

From Proposition 3.3.3 and after simple manipulation, we have

*

we=w i) =1 ([ B -aaw),

and

N . q
W=W(qy9) =T (/ (B(w)—C’O)dw) .
0
Thus, the efficiency ratio, p, can be expressed as:

fO Co)dw
Jo (B ( ) Co) dur-

Py (3.30)

It is noted that any Pareto-efficient BOT contract, (T, q*,y*), of problem (3.8) must

uniquely solve the following scalar programming problem (Geoffrion, 1967):

max (1 =NW(T,q,y) + AP (T,q,y), (3.31)
(T,q,y)eQ,T=T

where \ € [0, 1] is a weighting parameter of social welfare and profit. From Propositions

3.3.2 and 3.3.3, we readily obtain

B(q") + \¢"B' (¢*) = Cy, (3.32)
34
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which can be rearranged as

CoEL
M) = ——, 3.33
R (3.3
where E!I" is the point price elasticity of demand at (B (¢*),¢"), defined by
- _ B(q)
EN = <0). 3.34

On the other hand, function [ (B (w) — Cy) dw is strictly concave in ¢ (because B (-) is
a decreasing function) and thus has a unique maximum at ¢ = ¢. Note that ¢* € [0, ¢,

and thus ¢*, can be expressed as a convex combination of 0 and ¢:

r=(1-%) 042
q q

From the concavity of [ (B (w) — Cy) dw, we readily have

Afwmwmmw>§limm—%mm

which implies that

p=- L (3.35)
Jo (B(w)—Co)dw 4
We rewrite the last term of Eq. (3.35) as
¥ 1
% N ¢-q__ Bl 5@ ) (3:36)
1- B(¢)-B(@) q¢* (1 N B(fI*))
Substituting Eq. (3.33) and B (§) = Cy into Eq. (3.36) gives rise to
. B*
q Eq*
> = = 3.37
P77 T EE 4 \EshE’ (3:37)

where Eshl is the price elasticity of demand measured by a shrinkage ratio at (B (¢*) , ¢*)

and (B (qG),q) and defined by

(3.38)
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The bound of the efficiency ratio, p, associated with a Pareto-efficient BOT contract can

be stated in the following proposition.

Proposition 3.3.4. Under Assumptions 3.1-3.3, for any Pareto-efficient BOT contract,
(T, q*,y*), the efficiency ratio defined by (3.29) is bounded by

1
1+ X

<p< 1.0, (3.39)

where X € [0,1] satisfies condition (3.32) and & = Eshl. /EE > 0.

From this proposition, the bound of the efficiency ratio for a Pareto-efficient BOT contract,
(T, q~, y*), can be determined by the weighting parameter, A, of social welfare and profit
associated with (T, q~, y*) and parameter £, which depends on the convexity of the benefit

function.

With a convex benefit function B (¢q) or B” > 0, we can further tighten the lower bound
explicitly. In this case, we have the following two inequalities. A graphical illustration

can be found in Xiao et al. (2007b):

*

[ B - vz 50 (0B @)+ BG) - G >0

and

os/? () — Co)dw < = (G- ") (B (a) — Co).

\)

*

Based on the relationship between the above two inequalities,

- a a

a>a>0 & 0<b<bh =

and in view of definition (3.30), we immediately obtain

> 50 (=¢"B'(¢*)) + (B (¢*) — Co) ¢*

¢ (=¢*B' (¢*)) + (B (¢*) — Co) ¢* + 5 (G — ¢*) (B (¢*) — Co)’

(3.40)
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By rewriting (3.32) as
B(q*) — Co = —\¢*B' (¢")

and substituting it into (3.40), we have

1
L

2T <p<lo.
Lra+2¢

which is a bound that is tighter than that given by (3.39).

With a linear benefit function, £ = 1 and (3.40) is strictly equal. Thus, the bound of the

efficiency ratio can be simply reduced to

5+
+ A+ 3A2

e~ w

< =p < 1.0.

N [—=

The lower bound 3/4 corresponds to the monopoly situation with A = 1, which is con-
sistent with that derived in Xiao et al. (2007b); the upper bound 1.0 corresponds to the
socially optimal situation with A\ = 0. When a BOT toll road is faced with a trade-off

parameter of A = 0.5, the efficiency ratio can be calculated as p = 8/9.

3.4 Effects of returns to scale in road construction

So far, we have examined the properties and the efficiency of Pareto-efficient contracts
under constant returns to scale in road construction by assuming that I (y) = ky. To look
into the effects of decreasing and increasing returns to scale in road construction, we now

relax Assumption 3.3 to consider the following specific construction cost function

I(y)=Fky*, a>0. (3.41)

Road construction exhibits decreasing returns to scale when o« > 1 and increasing returns

to scale when 0 < o < 1.
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3.4.1 Pareto-efficient BOT contracts with non-constant returns to scale

We now examine how the returns to scale in road construction affect the properties of
the Pareto-efficient BOT contract set. From Proposition 3.3.1, we know that T = T
for any Pareto-efficient BOT contract. Let (T, q, gj) and (T, q, gj) be the SO and MO
solutions, which maximize social welfare, W (T, q,y), and profit, P (T, q,y), respectively.
By subtracting P (T, q, y) from W (T, q, y), we readily obtain

W (T,q,y) - P (T,q,y) =T </OqB(w) dw — ¢B (q)> : (3.42)

Note that the term on the right-hand-side of Eq. (3.42) is strictly increasing in ¢, which

implies that ¢ > @, because, if ¢ < ¢, then

W(T,q-,g) _P(Tq ) ( )dw—qB())

W (o , (3.43)

where the last inequality follows from the fact that ( gj) maximizes profit, P (T, q,y).
T,q

Equation (3.43) contradicts the assumption that ( ) maximizes the social welfare.

Suppose that (T, q7, y*) is a Pareto-efficient BOT contract. Like the constant returns to
scale case, (¢*,y*) solves the Lagrange problem (3.18) for a certain Lagrange multiplier,

A, and taking the derivative in y yields the following first-order condition:
TB()* (7)) = kaly")™ ™, (3.44)

where 7* = ¢*/y* is the v/c ratio under the Pareto-efficient BOT contract (T, q-, y*).
Equation (3.44) under assumption (3.41) is the counterpart of the Pareto-efficiency con-

dition (3.17) associated with I (y) = ky.

The following proposition reveals a few important properties of Pareto-efficient BOT con-

tracts. Their departure from the case with constant returns to scale in road construction

is self-evident.
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Proposition 3.4.1. Under Assumptions 3.1 and 3.2, for any two distinct Pareto-efficient
BOT contracts, (T, q, y*) and (T, q**,y**), with ¢* < ¢, we must have

(a) y* < y™, p* > p*™;

(b) v <~ and ASC* < ASC™ for a > 1; v* > v** and ASC* > ASC** for0 < a < 1,
where ASC' is the average social cost defined by Eq. (3.23);

(c) P* > P* W* < W**;

(d) ROR" > ROR"™, where ROR is the rate of return on investment defined as the ratio

of the profit to the construction cost

ROR =

~| o

(x100%) . (3.45)

Proof. By the definition of 7, the Pareto efficiency condition (3.44) can be rewritten as
TH()* Y (v) = kalg")* .

Note that the function T5(y)* ' (v) is strictly increasing in v since a > 0 and ¢ (7) is
increasing and convex. Therefore, for any two distinct Pareto-efficient BOT contracts,
(T, q*,y*) and (T, q**,y**), when o > 1, ¢* < ¢ implies that v* < ~**, which, from
condition (3.44), implies that y* < y**; while when 0 < a < 1, ¢* < ¢™* implies that
v* > 4*, which yields y* < y™. Thus, y* < y™ for any @ > 0 in (a) is obtained.
In addition, the average social cost defined by (3.23) for any given (T, q*,y*) can be

calculated as

ASC" = Bt (") + 27 ().

Since ASC is a strictly increasing function of 7, we thus conclude that (b) is true.

From (3.42), if P* < P**, then ¢* < ¢** must induce W* < W**  which contradicts the
Pareto-optimality of (T , q*,y*). Thus P* > P**. Similarly, we also have W* < W**

whenever ¢* < ¢**. Thus, (c) is proved.

From Assumption 3.1, B (q) is strictly decreasing in ¢ and ¢ (vy) is strictly increasing in
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v. For a > 1, from Eq. (3.2), ¢* < ¢** and v* < 4** directly derive p* > p**. To prove
the case with 0 < a < 1, using Eq. (3.44), we first rewrite the profit function for a given
(T : q*,y*> as

P =Tq (p* - gv*t’ (7*)) : (3.46)

From (c), we know that ¢* < ¢** implies that P* > P**. Thus,

pr= =yt () > pT = =T (), (3.47)
o @
Function ~t' () is strictly increasing and v* > +*. We obtain p* > p**. Therefore,

p* > p*™ in (a) for any o > 0 is proved.

Finally, (a) and (c) together imply (d) since the construction cost, I (y), strictly increases

with y. The whole proof of Proposition 3.4.1 is completed. O

The properties of the contract curve, ©, defined by (3.22) are explained geometrically in
Figure 3.3. Along the direction shown in the figure, the travel demand, road capacity and
social welfare increase, while the profit decreases. However, the v/c ratio increases when
a > 1 (decreasing returns to scale) and decreases when 0 < a < 1 (increasing returns
to scale). As a result, the service quality decreases or increases along the Pareto-efficient
frontier from monopoly to the social optimum, namely, the private firm tends to offer

higher or lower service quality than the socially optimal level.

3.4.2 The profit properties at the social optimum

We go further to investigate the profit properties of the socially optimal BOT contract,

(T, q, g) In this case, the toll charge is exactly equal to the congestion externality,

p=B(q)—BtH) =53 (7).
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From Eq. (3.44), the profit of the private sector can be expressed as
TN oo

which reveals that, with as socially optimal BOT contract, (T, q, gj), the private firm
would earn a positive profit with decreasing returns to scale in road construction (o > 1);
zero profit with constant returns to scale («« = 1); and negative profit with increasing
returns to scale (0 < o < 1). The profit (positive or negative) is proportional to the total
toll revenue with a proportional constant, (1 — 1/a). Equation (3.48) also implies that
the cost recovery ratio (total toll revenue relative to the initial capacity cost) is exactly
equal to «, which is consistent with the general rules derived by Mohring and Harwitz

(1962).

3.4.3 The zero-profit constrained Pareto-efficient BOT

contract

From the above analysis, the private sector would encounter a negative profit with a
socially optimal BOT contract (T, q, g]), when there are increasing returns to scale in
road construction (0 < o < 1). In this case it is of interest to look into the zero-profit-
constrained Pareto-efficient BOT contract, (T, q:p,y;‘p), where ”zp” stands for ”zero-

profit”.

Before we seek such a zero-profit contract, (T, q;‘p,y:p), we provide the conditions for
its existence. Clearly, this requires that the profit of the private sector with a monopoly
optimal BOT contract, (T, q, gj), be positive. In this case, by combining Eq. (3.2) and
Eq. (3.44), the monopoly profit can be calculated as:

P(fan) =10 (B@-pe -2 ). (3.49)

Note that, for any road capacity, y > 0, when ¢ — 0, the average travel time approaches

the free-flow travel time, ¢ (0), and the congestion externality approaches zero. Therefore,
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P (T, q, gj) > 0 is guaranteed under the following condition:
B(0) — gt (0) > 0. (3.50)

Intuitively, condition (3.50) is not practically restrictive, because we can reasonably expect
that there is a positive potential traffic demand with a free-flow travel time. Otherwise,

it is meaningless to build a new highway.

When condition (3.50) is met, there exists a Pareto-efficient contractwith zero profit for
0 <a<l, (T, q;‘p,y:p). In this case, the solution, (q;fp,y;‘p), or equivalently (q;‘p,fy;‘p)
can be determined by Eq. (3.44) and the following zero-profit condition:

P (qu’y:p) - Tq:p (B (q:p) —pt (’7;17)) —1I (y:p) = 0.
The corresponding toll charge is given by
1

The charge is thus higher than the corresponding congestion externality for cost recov-
ery. With increasing returns to scale in road construction, the zero-profit Pareto-efficient
contract, (T, T y:p), with projection (q:p, y:p) in the (¢, y) space shown in Figure 3.3b,
is thus a critical point; and any Pareto-efficient contract (T . q", y*) with ¢* < ¢, would

result in a positive profit for the private firm. Otherwise, the profit becomes negative.

3.5 Governmental Regulations

So far, we have examined the basic properties of Pareto-efficient BOT contracts for a
road project. In this section, we focus on the regulatory mechanism that induces the
private firm to choose a predetermined Pareto-optimal solution voluntarily, and we identify
the regulatory regime that establishes a situation in which the regulatory outcomes are

efficient. In all regulations considered below, we assume that the government already
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predetermines a targeted Pareto-efficient BOT contract, (T, q, y*) or (T, p*, y*), where

p'=DB(q") - pt(q"/y") = B(q") — pt (7). (3.52)

3.5.1 Rate-of-return regulation

We first investigate a rate-of-return (ROR) regulatory mechanism, under which the private
firm is allowed to earn no more than a ”fair” rate of return on its investment. The private
firm is free to choose a combination of the BOT variables as long as its profits do not

exceed this fair rate.

Let s denote the ROR on the firm’s investment and s*, s* > 0, be the ROR determined by
(3.45) for a given Pareto-efficient BOT contract, (T, q*, y*). Under the ROR regulation,

the government restricts the ROR on the investment of the private firm as follows:

_Top—1(y) _ o (3.53)

Iy)

Under the above ROR regulation, the problem of the profit-maximizing private firm can

be expressed as:

max Tpq—1I(y) (3.54)

0<T<T,p>0,y>0

subject to condition (3.53). Now we have the following proposition disclosing the behavior

of the private sector under the ROR regulation (3.53).

Proposition 3.5.1. Let (T, q*,y*) be a non-monopoly Pareto-efficient solution with a
corresponding ROR s*. Then, under the ROR regulation (3.53), the private sector would
choose a non-Pareto-efficient BOT contract, (T, q, y), with ¢ < ¢* and y > y*.

Proof. We first note that condition (3.53) is binding under the best response of the pri-

vate firm since s* is a realizable rate-of-return associated with the predetermined Pareto-
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~

efficient contract, (T, q*,y*). We thus have
Tap—1(y)=s"1(y). (3.55)

Therefore, under the binding condition (3.53), the profit-maximizing problem (3.54) is
equivalent to maximizing the investment, I (y), or equivalently maximizing the capacity,
y, since I (y) is strictly increasing in y. Now we view y as a function of 7" and ¢ as
determined by (3.55) and p is a function of ¢ given by (3.2). We take the derivatives of y
with respect to 7" and ¢, yielding

((s* +) T (y) - 5TZ—zt' (g)) g—; =g (B (q) — Bt (g)) (3.56)

((3* +1)I' (y) — BT 5t (%)) o
T (B(g)+aB (a) - 8t (%) - 2 (1))

If the concession period, T', for maximizing the profit or equivalently for maximizing the

(3.57)

capacity is an interior point or T € (0, T), then Oy/0T = 0. As a result, the right-hand
side term of Eq. (3.56) must be zero or we must have p(q,y) = 0 from Eq. (3.2), which
conflicts with the binding condition (3.53). This means that the private firm must choose
the concession period to be T or zero under the ROR regulation (3.53). Clearly, the choice
of no concession period is out of question. We thus conclude that the private sector will

choose a whole road-life concession period, T' = T, under the ROR regulation (3.53).

If (T, q~, y*) happens to be a solution of problem (3.53), we have dy/dq = 0 and hence
the term in the bracket on the right-hand side of Eq. (3.57) equals zero, which corre-
sponds to the monopoly optimality conditions (3.15). In addition, (T, q, y*) is a given
Pareto-efficient solution and thus satisfies the Pareto-efficiency condition (3.44). These
two observations allow us to conclude that (T . q", y*) is the MO solution. This conclusion
in turn implies that, if (T, q-, y*) is a non-MO Pareto-efficient solution, then it must not

be the optimal solution of problem (3.54) or (T, q, y) -+ (T, qr, y*) and Jy/dq # 0.

If (T q", y*) is a non-MO Pareto-efficient solution, then we have dy/0q < 0 at (T, qr, y*)
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for the following reason. First, dy/0q = 0 is excluded from the above analysis. In addition,
dy/dq > 0 at (T, q, y*) implies that increasing the demand can increase the capacity
under condition (3.55). As a result, the profit, P (T . q, y) = s*I (y), will increase. Also,
from Eq. (3.42), the social welfare must strictly increase from W (T L q5, y*) when both the
demand and profit increase. These results contradict the fact that (T, q, y*) is Pareto-
optimal. Therefore, under the ROR s < s* associated with the given non-MO Pareto-
efficient solution, (T, q*,y*), the private sector will choose a BOT contract, (T,q,y),

with ¢ < ¢* and y > y*. Thus, Proposition (3.5.1) is proved. O

Proposition 3.5.1 states that the private sector’s choice deviates from the Pareto-efficient
outcome. Meanwhile, the resulting v/c ratio, v = q/y < v*, or the service quality of the
highway under the ROR regulation (3.53) will be higher than the Pareto-efficient level.

Since the private sector makes more profit than at the Pareto-efficient level, we have
Tpq—1I(y)>Tpq"—I1(y"). (3.58)

Inequality (3.58) implies that p > p* from the strictly increasing assumption of I (-).

In summary, the ROR regulation is inefficient since the private firm would select a higher
road capacity and a higher toll level than the targeted Pareto-efficient BOT solution,
(T, q*,y*). It is worth noting that the ROR regulation creates an incentive for the
private sector to choose an inefficiently high capacity. This over-investment is, in fact, an

instance of the Averch-Johnson effect (Averch and Johnson, 1962).

3.5.2 Price-cap regulation

The price-cap regulation allows the private sector to set a price below or equal to a price
ceiling set by the government. For a targeted Pareto-efficient BOT solution, (T, q-, y*),
the toll ceiling, p*, is given by (3.52). In this case one can easily see that the private firm

will choose the concession period to be T whenever the solution, (T, q-, y*), is profitable
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and selects a toll equal to p*. Therefore, under the price-cap regulation constraint, the

private firm’s problem is to maximize its profit as given below:

max P =Tp*q—1(y)

q>0,y>0

subject to B (q) — St (q/y) = p*. By viewing y as a function of ¢ and taking the derivative

of P in q at ¢ = ¢*, we have

=B (q")+q B (¢") — Bt (Z—) — gLy (q—*) :

y*

dpr
dg

q=q*

If the targeted Pareto-efficient solution, (T . q", y*), is the MO solution, then the private

firm will choose (T, q, y*) straightforwardly to maximize its profits.

If (T, q*,y*) is a non-MO Pareto-efficient solution, we must have dP/dg < 0 at ¢ = ¢*
for the following reason. First, note that dP/dg = 0 at ¢ = ¢* is excluded since it is
a non-MO solution. If, however, dP/dg > 0 at ¢ = ¢*, then increasing ¢ from ¢* will
increase profits and social welfare from (3.42). Therefore, the private sector would select
(T, q, y) with ¢ < ¢* to earn more profits under the price cap regulation of p < p*. In
addition, from the binding price-cap constraint, it is clear to see that v > v*, and, as a

result, that y < y*.

In summary, the price-cap regulation is also inefficient and cannot induce the private firm
to choose a Pareto-efficient BOT solution unless the targeted Pareto-efficient contract is

the MO solution. Generally, under the price-cap regulation, the private sector would offer

lower road capacity and lower service quality than would the Pareto-efficient solution,

(T, 7, y) -
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3.5.3 Capacity regulation

For any Pareto-efficient BOT solution, (T, q*, y*), from Proposition 3.4.1, y < y*, which
means that it is pointless to regulate y < y* because the private firm would surely choose
the monopoly optimal (T, q, gj). Thus, in what follows, we examine the behavior of the

private firm under the capacity regulation of y > y* (> y) only.

To be practically sensible, we suppose that the government predetermines a profitable
target solution, (T, q~, y*), in setting up the capacity regulation. In this case, the private
sector will certainly choose the concession period to be T. Clearly, at any capacity level,
the best response of the private firm is to set a monopoly price; that is, for any y > 0, the
private firm will choose demand ¢ such that the first-order condition (3.15) is satisfied.

Viewing ¢ as a function of y given by (3.15) and taking the derivative of profit, P,
P=Tq(B(g)— Bt (afy) — I (y), in y gives rise to

dP  9Pdg 9P 9P <q>2 , <q> )
dy O¢dy 9dy 0Oy b y y ) (3.59)

where OP/0q = 0 from the first-order condition (3.15). If the private sector chooses
(T, q, y) with y > y* to maximize its profits, then dP/dy = 0 in (3.59), or the Pareto-
efficiency condition (3.44) is satisfied. With Eq. (3.15), we conclude that (T .4, y) is the
MO Pareto-efficient contract with y > y*, which conflicts with Part (a) of Proposition

3.4.1. Therefore, under the capacity regulation of y > y*, the private sector must choose

y=yv.

Conditional on y = y*, if the private firm can increase profits by lowering the toll, the
demand will increase and social welfare will increase as well, contradicting the Pareto
efficiency of (T , q*,y*). The private firm would not choose p = p* either, because,
otherwise, (T ,qF, y*) must be the MO Pareto-efficient contract for the same reason above.
Therefore, the private sector will choose a profit-maximizing toll that is certainly higher

than p* conditional on y = y*. Meanwhile, the service quality is made higher than the

Pareto-efficient level.
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3.5.4 Demand regulation

Under the demand regulation by the government for a targeted Pareto-efficient solution,
(T, q~, y*), the private firm is allowed to make choices subject to the resulting realized

traffic volume level, ¢ > ¢*.

Like before, we consider the practically meaningful case in which the solution (T, q~, y*)
is profitable. The private firm will choose the concession period to be T. From Eq.
(3.42), we can see that there is no strictly profitable deviation from the Pareto-efficient
solution, (T, q*,y*), for the private firm to choose (T, q, y) with ¢ > ¢*, because the
social welfare must be improved under constraint ¢ > ¢* whenever the profit is increased,

which contradicts the Pareto-optimality of (T, q, y*).

We further confirm that the Pareto-efficient BOT solution, (T, q-, y*), is uni- que and
maximizes private profits under regulation ¢ > ¢*. Since there is no profitable deviation,
any choice of (T, q, y) by the private sector must realize the same profit and social welfare

as (T, q*,y*), simultaneously, namely,

7 ( | Bw = s (g)) S I(y) =W (¢ y) (3.60)

and
7 (qB () - Pat (g)) Iy = Pldy). (3.61)

From Definition 3.1, we know that (T, q, y) is Pareto-efficient since no other BOT triple

dominating (T, q, y) Subtracting Eq. (3.61) from Eq. (3.60) on each side gives rise to:

*

/Oq (B (w) —wB (q))dw = /Oq (B (w) —wB(¢")) dw. (3.62)

Note that function [ B (w)dw —¢B (q) is strictly increasing in ¢. Thus, Eq. (3.62)

implies that ¢ = ¢*. By substituting y = ¢*/7 into condition (3.44), we readily obtain
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v =~*, and thus y = y*. Therefore, under demand regulation ¢ > ¢*, the Pareto-efficient
solution, (T, q, y*), is the unique profit-maximizing BOT solution to be selected by the

private firm.

Proposition 3.5.2. Under Assumptions 3.1 and 3.2, the resulting choice by the private

firm under the demand requlation, ¢ > q*, is (T, qr, y*) or Pareto-efficient.

Proposition 3.5.2 shows that the demand regulation is an appealing regulatory choice.
The government needs only to set a minimum level of demand and to let the private firm
freely choose a preferable combination of road capacity, toll charge and concession period

for profit maximization.

3.5.5 Markup charge regulation

Under a markup charge regulation, the firm is allowed to earn a certain amount of profit
on each unit of output it sells in an economic setting. This is equivalent to the return-on-
output (ROO) regulation (Train, 1991). In the earlier special case with constant returns
to scale in road construction, the markup charge, po, is given by (3.28). In the general

case, the markup charge can be defined as

_ P(T,q.y)
Py = ——,
Tq

which means that the markup charge is the amount of profit earned from each unit of
realized demand (each trip) during the concession period. For a given Pareto-efficient
BOT contract (T, q, y*), the markup charge regulation refers to setting a ceiling of the
markup charge during the concession period as follows:
P (T 7, y)
PS<p=—F—""" 3.63

= (3.63)

From Proposition 3.5.2, we know that ¢ < ¢* for the private sector to earn more profit.

In view of 7 < T, it is impossible for the private firm to choose (T, q,y) to earn more
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Table 3.1: Summary of regulatory outcomes

Regulatory Regime Choices of Private Firm  Pareto Efficiency
Price-Cap (p < p*) y<y“ ,p>p"T=T No
Rate of return (s < s*) y>yp>pT=T No
Capacity (y > y*) y=y*p>p"T=T No
Demand (g > ¢*) y=y*p>p,T=T Yes
Markup charge (p2 < po*)  y=y*,p>p*T=T Yes

profit under (3.63), namely,

P(T,q,y) =Tqp: <Tq'py =P (T, q*,y*) ,
for any (T, q,y) under the markup charge regulation condition (3.63). In fact, if the
markup charge is fixed, the private sector must increase the total demand during the
concession period to maximize the profit, which, equally, is to minimize the total user

cost. We thus have the following proposition.

Proposition 3.5.3. Under Assumptions 3.1 and 3.2, the resulting choice by the private
firm under the markup charge requlation, py < p3, is (T, q*,y*) or Pareto-efficient.

Proposition 3.5.3 reveals an alternative regulatory regime for the government to induce
Pareto-optimal outcomes just by restricting the markup charge and letting the private

firm choose any combination of the BOT variables.

3.5.6 Further discussion of regulatory issues

For a targeted Pareto-efficient solution, (T, q-, y*), the outcomes of the five alternative
regulatory regimes examined so far are summarized in Table 3.1, where p* = B (¢*) —
Bt (¢*/y*), ROR" = P (T, q*,y*) /I (y*) and p5 = P (T, q, y*)/Tq*. The results of ROR
and price-cap regulations are actually instances of the general results in economic settings
(Train, 1991). Ubbels and Verhoef (2008) discussed the efficiencies of various auction
mechanisms for a private road with an un-tolled alternative through numerical examples.

Their simulation results revealed that the auction to minimize generalized travel costs
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and subsidies divided by total traffic demand would approach the social optimum (they
called it the second-best outcome), and the auction to minimize generalized travel costs
could result in the social optimum with the zero-profit constraint (the second-best out-
come with the zero-profit constraint). For a single road with constant returns to scale
in road construction, the social optimums with and without the zero-profit constraint
are identical. Therefore, the auction to minimize generalized travel costs does approach
the social optimum, which is equivalent to maximizing travel demands. Proposition 3.5.2
shows that, for a more general construction cost function, any Pareto optimum including
the social optimum can be achieved via the demand regulation, and Proposition 3.5.3 is

an alternative to the demand regulation.

3.6 Numerical Examples

In this section, three simple examples with different returns to scale in road construction
are presented to demonstrate the results obtained so far. The following BPR link travel

time function is used:

t(q,y) = to (1.0 +0.15 <§>4> ,

where the free-flow travel time for the new highway is t, = 0.5 (h). Time is converted
into money with a value-of- time of § = 100 (HK$/h). The benefit function takes the

following negative exponential form:

B(q):—%ln(%), b>0,

where @ is the potential demand, @ = 1.0 x 10* (veh/h), b is a scaling parameter reflecting
the sensitivity of demand to the full trip price, b = 0.04. It is easy to check that the benefit
function satisfies Assumption 3.1(a). The construction cost function for the highway is

assumed to take the following power form of capacity:
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Table 3.2: Returns to scale and corresponding parameter values

Returns to scale in ko
road construction @ (10°HK$/h - (veh/h))
I“Iel:ziizntlg scale (IRS) 0-80 1.50
Sa(‘zﬁiflzntto scale (CRS) 1.00 1.20
Ejuf;?la;ltrcl)gscale (DRS) 1.20 0.25

where parameter o captures the returns to scale in road construction: increasing returns
to scale (IRS) with 0 < o < 1, constant returns to scale (CRS) with & = 1 and decreasing
returns to scale (DRS) with @ > 1, as mentioned before. The free-flow travel time,
tg, is proportional to the length of the road and k, is the construction cost parameter
corresponding to the returns to scale, a. The values of parameter o and k, in Table 3.2
are used without necessarily representing a realistic setting. Finally, the road life, T, is
assumed to be 30 (years), or 7' = 1.314 x 10° (h) by assuming the number of operating
hours per year to be 4380 = 12x365 (h). For the three cases with IRS, CRS and DRS listed
in Table 3.2, we first view the maximized social welfare with a certain profit constraint,
P(T,q,y) > P, as a parametric function of the concession period, 7. Namely, we look
at the result of the following maximization problem for any predetermined concession
period:

Waas (T) = max {W (T.q,y): P(T,q.4) > P}.

q>0,y>0

Figure 3.4 shows how the maximized social welfare changes with the concession period,
T, when P =0 and P = 0.8 x 10°(HKS$), respectively. In the figure, it is clear that Wiy
is increasing in 7" and it reaches the maximum at 7' = T with a binding profit constraint
of P = P. The Pareto-efficient BOT contract does require the concession period to be
exactly the whole road life. Figures 3.5-3.7 report the Pareto-optimal solution sets or
contract curves in the two-dimensional (v, ¢) space, with bold curves connecting the MO
and SO points for the three Cases of IRS, CRS and DRS, respectively, where the thick

and thin contours represent social welfare and profit, respectively. The corresponding
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Figure 3.4: Maximized social welfare versus concession period with profit constraints

Table 3.3: Numerical results at SO and MO

IRS CRS DRS

SO MO SO MO SO | MO
Demand (veh/h) 1230 | 445 970 | 357 | 955 | 368
Capacity (veh/h) 2448 | 851 | 1414 | 520 | 1375 | 549
Toll (HKS$) 1.90 | 27.25 | 6.65 | 31.65 | 6.97 | 31.05
Social welfare (10°HKS$) | 3.96 | 2.89 | 3.19 | 2.34 | 3.28 | 2.47
Profit (10°HK$) -0.07 | 1.43 0 1.18 | 0.15 | 1.26
Volume to capacity ratio | 0.50 | 0.52 | 0.68 | 0.68 | 0.69 | 0.67
ASC (HKS$) 529 | 534 | 58.5 | 585 | 60.5 | 59.1
ROR (%) -0.8 | 57.6 0 108.3 | 20.3 | 519.2
Markup charge (HK$) -0.45 | 24.41 0 25.00 | 1.19 | 26.03

representative numerical results for MO and SO are shown in Table 3.3. It is clear that,

when moving from SO to MO, the service quality decreases (the v/c ratio increases)

with increasing returns to scale in road construction; it remains unchanged with constant

returns to scale; and it increases with decreasing returns to scale.

For the IRS case,

the zero-profit Pareto-efficient BOT contract, (T, ©Lps y:p>, can be readily obtained with

A

T = 30 (year), q;, = 1206 (veh/h), y7, = 2399 (veh/h), and the corresponding toll charge

of p7, = 2.40 (HK$). Figure 3.8 compares the outcomes of the private firm’s choices under
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various regulatory regimes in the case with constant returns to scale in road construction
(similar results can be obtained for the other two cases). For a predetermined Pareto-
efficient solution, (T, q*,y*) = (30 years, 849 veh/h, 1230 veh/h), denoted as point A
on the contract curve, we obtain the corresponding toll charge of p* = 9.96 (HKS), the
rate of return of s* = 12.16% and the markup charge of 75 = 3.34(HKS$). The five
bold curves, Ly Ls, indicate the binding constraints in the (v, 1) space, associated with
the five regulatory regimes: (1) p < p* = 9.96 (HKS); (2) s < s* = 12.16 (%); (3)
y > y* = 1230 (veh/h); (4) ¢ > ¢* = 849 (veh/h) and (5) ps < p} = 3.34 (HKS$). The
corresponding feasible domains are located above these curves in the (v, q) space. As
seen from the figure, each regulatory binding curve is tangent to a profit contour; the
corresponding profit represents the maximum profit earned by the private firm under the
given regulatory control. The choices made by the private firms under each regulatory
regime are identified by the corresponding tangent point, denoted as A; ~ Aj respectively.
Specifically, under the price-cap regulation, the private firm chooses point A; (30 years,
723 veh/h, 769 veh/h), with a lower capacity and a lower service quality, producing a
maximum profit of about4.90 x 108(HK$). Under the capacity regulation, the private
firm chooses point A3 (30 years, 487 veh/h, 1230 veh/h), with a higher toll charge and a
higher service quality, producing a maximum profit of about 8.90 x 10* (HK$). A, and
As, chosen by the private firm, coincide with Point A, or the private firm chooses the
predetermined Pareto-efficient BOT solution, which is the unique choice to maximize its

profits.

3.7 Conclusions

The concession period, capacity and toll charge are three primary variables for a BOT toll
road project. They determine the social welfare for the whole society during the whole life
of the road and the profit of the private firm during the concession period. We analyzed the
properties of Pareto-efficient BOT contracts via a bi-objective programming approach and

established several key results. First, any Pareto-efficient BOT contract requires that the
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Figure 3.5: Contract curve with increasing returns to scale in road construction

1000
900
800
Contract
700 curve

600

500

400

2343.

e

300

200 : ‘

| |
0.3 0.4 0.5 0.6 0.7 0.8
Volume-Capacity Ratio

1.0

Figure 3.6: Contract curve with constant returns to scale in road construction
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concession period should be the whole life of the road. Secondly, with constant returns to
scale, the volume-capacity ratio and thus the service quality at any Pareto-efficient BOT
contract coincide with the socially optimal levels; and the average social cost per trip
is also constant along the Pareto-optimal frontier. We further established the efficiency
bound of any Pareto-efficient BOT contract in terms of social welfare in comparison with
the perfect social optimum. With a simple extension of the construction cost function, we
proved that the private firm prefers to offer lower (higher) service quality than the socially

optimal level when there are increasing (decreasing) returns to scale in road construction.

A variety of government regulatory regimes were investigated. Generally, both price-cap
and rate-of-return regulations result in inefficient outcomes: the private firm tends to offer
a lower road capacity and a lower service quality under the price-cap regulation, while
it chooses a higher service quality, a higher capacity and a higher toll charge under the
rate-of-return regulation than under the corresponding Pareto-efficient solution. The road
capacity regulation is also inefficient. In contrast, we proved that both the demand and

markup charge regulations lead to Pareto-optimal outcomes.
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_4_

PARETO-EFFICIENT BOT CONTRACTS WITH USERS
HETEROGENEITY

This chapter re-examines the properties of BOT contracts with heterogeneous users whose
value-of-time (VOT) has a continuous distribution. Two concepts of failure rate and mean
residual VOT functions are introduced to develop a tractable analytical framework for the
bi-objective programming formulation of the BOT problem. For the VOT distributions
satisfying certain assumptions, we prove that the optimal concession period is free from
the effects of user heterogeneity and should be set to be the road life as the case with
homogeneous users. However, the service quality measured in terms of the volume-to-
capacity ratio is dependent on the curvature of the mean residual VOT function. We
prove that: if the VOT distribution has a convex (affine, concave) mean residual VOT
function, then the service quality is increasing (identical, decreasing) along the Pareto-
optimal frontier from the social optimal solution to the monopoly optimal solution. The
effects of user VOT heterogeneity on the outcomes of various regulatory regimes are also
investigated. Like the case with homogeneous users, the price-cap and rate-of-return
regulations with heterogeneous users do not give rise to a Pareto-optimal outcome either.
Nonetheless, we find that, the regulatory regimes of demand and markup regulations,
which are efficient to achieve any pre-determined Pareto-efficient BOT contract in the
case with homogeneous users, fail to result in any efficient outcome. Both two regimes
result in a lower investment and lower service quality. It is also found that the markup
regulation is equivalent to a demand regulation with a higher demand level associated

with the pre-determined Pareto-efficient BOT contract.
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4.1 Introduction

The previous chapter investigated the Pareto efficiency of the build-operate-transfer (BOT)
contracts for a toll road project considering the social welfare and the profit as two ob-
jectives. The road users are assumed to experience the same disutility from travel delay,
or, they have an identical value-of-time (VOT) to convert the time cost to monetary
cost. The concept of VOT plays a pivotal role in analyzing travelers’ route choices, par-
ticularly in simulating travelers’ responses to toll roads, as it describes how users make
tradeoffs between money and time in response to toll charges. Generally, travelers value
their travel time differently, depending on their income levels and travel purposes. Many
practical highway projects, such as the State Route 91 in California and Interstate 394 in
Minnesota, are adopting the tolling scheme taking account of the users” VOT heterogene-
ity. In these two projects, parallel free lanes are simultaneously provided by the highway
agency to the road users, and the users can enjoy the choice according to their values of

travel time savings.

This chapter is intended to develop a tractable analytical framework to study the bi-
objective BOT problem proposed in Chapter 3 in the presence of user VOT heterogeneity.
By introducing two important concepts, the failure rate and mean residual VOT functions,
this chapter contributes to answering the following questions to a certain extent: how does
the user heterogeneity affect the optimal concession term, the optimal toll and capacity
levels? How does the highway service quality vary along the Pareto-optimal frontier in
the presence of user VOT heterogeneity, comparing to the case with homogeneous users?
More important, whether are the regulatory regimes, proved to be efficient to achieve any
predetermined Pareto-efficient BOT contract in the case with homogeneous users, still

efficient in the presence of the user heterogeneity?

The next section, we revise the bi-objective programming proposed in the previous chap-
ter to model a BOT toll road scheme with heterogenous users whose VOT continuously

distributed. Section 4.3 investigates properties of the Pareto-efficient contracts. A signif-
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icant different will be discussed in this section to compare with the results derived in the
previous chapter. Section 4.4 examines the effects of user heterogeneity on the government

regulations. Finally, Conclusions are given in Section 4.5.

4.2 The BOT Problem with Heterogenous Users

Suppose that a new BOT toll road is to be built in parallel to an existing free alternative
road (or the set of roads). The alternative road (or the set of roads) is assumed to have a
sufficiently large capacity without traffic congestion and its travel time is constantly equal
to a fixed travel time ty. The BOT toll road is assumed to have lower free flow travel time
than ¢, (otherwise it does not attract any user). Let ¢ be the travel demand of the BOT
toll road and t (¢, y) be its corresponding travel time of the BOT toll road. The travel
time function ¢ (¢, y) is assumed to be a continuously differentiable function of (¢,y) for
g > 0andy > 0; for any ¢ > 0, t(q,y) decreases with y; for any y > 0, t(q,y) is a
strictly convex and increasing function of ¢. Suppose that the value-of-time (VOT) of the
road users follows a continuous and differentiable cumulative distribution F' () among
the total fixed population @ with density function f (53)and a support © = (g, 3°) where
0 < By < %< +o0. As discussed by Verhoef and Small (2004), the party determining
the road capacity y and toll charge level p induces two types of equilibrium: pooling
equilibrium and separating equilibrium. The former means that all users choose either
the free alternative or the toll road. In this case, either the new toll road needs not to be
built or the existing road should be closed for all users. In the latter case of separating
equilibrium, the users choose the two parallel routes according to their VOTs. From now
on we shall focus our discussion on this case only. It is clear that the user will opt to pay
the toll to use the toll road if the value of the travel time savings enjoyed on the toll road
instead of the free alternative exceeds the toll cost. Suppose the value of VOT across
population is sorted in decreasing order, let 8 give the VOT of the g-th user. Clearly,

the demand of the toll road, ¢, is decreasing in § and has a relation with the cumulative
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function (Mayet and Hansen, 2000; Xiao and Yang, 2008)

¢=Q(1—F(f)). (4.1)

Given the demand of the toll road, ¢, we know that the toll road is more attractive for
the users with VOTs lager than 8 and not attractive for the users with VOTSs less than

B. At the separating equilibrium, the toll can be determined as

p=0to—t(q,y)). (4.2)

Hereinafter, we will call § as the equilibrium VOT associated with the toll charge p and
the equilibrium demand ¢ that satisfy Eqgs. (4.1) and (4.2).

Notably, for given toll and capacity levels, the travelers with a VOT higher than £ will use
the highway, and thus, a proportion of the total population, F'(8) =1 — ¢/Q, will suffer
a loss to use the time-saving toll road. In this case F'(f) can be viewed as the failure
probability of the decisions of toll and capacity, while, analogously, F (8) = 1 — F (B)
can be viewed as the survival probability. To develop a tractable analytical framework
to analyze the BOT problem, we introduce two concepts commonly used in reliability
theory: the failure rate and mean residual VOT functions. Given ¢ users using the toll
road, the failure rate is the probability of failing to join the road for the next ¢ + 1-th
user, mathematically, h (3) = f (8)/F (). Given the users with a VOT higher than 3

using the toll road, the mean residual VOT is the average excessive VOT of those users

in comparison with the equilibrium VOT, 3, mathematically,

m(B) =E[z|z > B] - B, (4.3)

where E [ ] is the expectation operator. It is well known that, like a distribution function,
the failure rate and mean residual VOT functions are two important concepts in reliability
theory. Given the existence of the three functions, the distribution function F'(f), the
failure rate function h (), and the mean residual VOT function m (3), any one of the

three functions can completely determine the other two (Lai and Xie, 2006). The failure
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rate and mean residual VOT functions have the following relation (Bryson and Siddiqui,

1969)

h(B)m(B) =m'(8) + 1. (4.4)

Using the survival and mean residual VOT functions, the unit-time toll revenue and social

surplus can be rewritten as

R(B,y) = QF (8)p = QBF (B) (to — t (¢, 9)) (4.5)
and

S(By) = [~ Qulto—t(g,y)) dF (w)
= QF (B) (to — t (0.)) 2™ (4.6)
= Qm(B)+H) F () (to—(0,0))

where demand ¢ is viewed as a function of 3, given by Eq. (4.1), and toll p is viewed as

a function of # and y, given by Eq. (4.2).

With the above preliminary notation and definitions, we are now ready to introduce the
BOT problem studied in Chapter 3. The net profit of the private sector is the total toll

revenue during the concession period minus the total up-front investment, namely,

P(T,B,y) =TR(B,y) — I (y), (4.7)

where the road construction cost function, I (y), is continuously differentiable and increas-
ing in capacity y for y > 0. The public sector aims to maximize the total social welfare
during the whole road life, T. Note that, after the ownership of the road is transferred
from the private sector to the public sector, the toll can be adjusted in the interest of
the public interest. Therefore, during the post-concession period, the public sector selects
the toll charge (or equivalently, traffic volume or separating equilibrium VOT) to max-

imize the unit-time consumer surplus, S (/3,y), for the given road capacity, y. Namely,
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S (y) = maxg,coS (f1,y). The total social welfare is the total social surplus during the

concession period and the post-concession period minus the road investment, or,

W (T, B,y) =TS (B.y)+ (T T) S () = 1 (v). (48)

The BOT problem with heterogeneous users is defined as selecting the combination of the
BOT wvariables: the concession period 7', the equilibrium VOT g and the road capacity v,
to maximize the total social welfare and the profit of the private sector s imultaneously.
Thus we consider the following bi-objective programming problem:

max WAT.5,9) : (4.9)

@iwee \ p(T,5,y)

where ) = {(T,ﬁ,y) 0<T<T,3€0,y> 0}; the social welfare W (T, 8,y) and the
profit P (T, 3,y) are defined by (4.8) and (4.7), respectively. With a simple modification,
the Pareto-efficient BOT contract is defined as Definition 3.1. Furthermore, we assume
that the travel time function ¢ (¢,y) is a continuously differentiable function of (q,y) for
g > 0and y > 0; for any ¢ > 0, t(q,y) decreases with y; for any y > 0, t(q,y) is a
strictly convex and increasing function of ¢; the road construction cost function, I (y), is
a continuously increasing and differentiable function of y for y > 0. Namely, Assumption
3.1 (b) and (c) is true. Note that, BOT problem (4.9) is only a variant of the BOT
problem studied in details in Chapter 3. At the center of the issue here is to examine
the effects of the user VOT heterogeneity on the properties of the Pareto-efficient BOT

contracts and various economic regulatory mechanisms.

4.3 Pareto-Efficient BOT Contracts with Heterogenous Users

In this section, we examine the effects of user heterogeneity on the properties of Pareto-
efficient contracts in the BOT problem (4.9) using the continuously distributed VOT
functions. The results can be used to contrasted with those described in the case of

.......... o hapter 3).
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One of the most used assumptions in revenue management, auction and mechanism design
literature is to assume that the revenue function is quasi-concave in demand to ensure
theoretically treatable (see Gallego and Ryzin, 1994; McAfee and McMillan, 1987; Ziya
et al., 2004, for a comprehensive literature review). Obviously, function, ¢5 (¢), determines

the curvature of the "revenue function” in ¢. From Eq. (4.1), we know

% L 1

dg — Qf(B)
and

g f'(B)

de> — Q(f(B)*

By direct calibration, we obtain

Clafla) _,d8 &8 FOF(H O+ (hE))

s
g g T lag Q(f (B))’

Therefore, the concavity of ¢ (¢q) is equivalent to the following assumption.

Assumption 4.1. 1/ (3) + 1* (8) > 0.

Different from the homogeneous user case, the unit-time revenue function here, R (3, ),
under Assumption 4.1, may be not concave in ¢ for any given y. This calls for a revision
in applying and extending the proof of Proposition 3.3.1 with homogeneous users to the

case here with heterogeneous users.

Lemma 4.3.1. Under Assumption 4.1, if a triple (T*,q*,y*) € Q is a Pareto-efficient

BOT contract, then the concession period must equal the whole road life, i.e., T* = T.

Proof. For convenience, we use ¢ as the decision variable since ¢ and [ have one-to-
one correspondence, given by Eq. (4.1). With a slight abuse of notation, let S (q,~),
W\(T,q,y), R(qg,7) and P(T,q,y) denote S(3,y), W (T, B,y), R(B,y) and P(T,,y),
respectively. From Assumption 3.1 (b) and (c), we know that, for any given y, function

to — t(q,y) is strictly decreasing and concave in ¢, while function fo (w) dw is strictly
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increasing and concave in ¢. Thus, S (g, y) is strictly concave in ¢ for any given y. Suppose
(T*,q*,y*) is a Pareto-efficient BOT contract. Let ¢ = argmax,>0S (¢,y*) and § =
arg max,>oR (¢,y*). If ¢* = ¢, then prolonging the concession period can improve the
profit without changing the social welfare but increasing the profit of the private sector.
Thus, 7% = T. We look into the case ¢* # q1. Suppose T* < T and ¢* # q1. We
go to choose a feasible solution (T, ¢,y*) such that both social welfare and profit can
be improved, namely, (T, q,y*) strictly dominates (7™, ¢*,y*). For any given T and v,
function ¢ty — ¢ (¢, y) is strictly decreasing and concave with respect to ¢, while function
Jo 8 (w) dw is strictly increasing and concave in g. And thus, W (T, ¢, y) is strictly concave
with respect to ¢, for any given T and y. Denote T = T* + AT < T (AT > 0) and set
a =T*/(T*+ AT). Notably, a € (0,1). Let ¢ denote the convex combination of ¢* and

¢ as ¢ = aq* + (1 — a) ¢;. From the concavity of W (T, q,y) with respect to ¢, we obtain
w (Ta q, Z/*) > aW (Ta q*a y*) + (1 - Oé) w (T7 qi1, y*) =W (T*a q*a y*) .
In addition, since ¢ty — ¢ (¢, y*) and gf (¢q) are concave in ¢ at domain (¢*, qo), we have

P(T,q,y*) > P(T".q",y")
+AT{R(¢",y") + A1 (¢"B(q7)) + Aa (to — t (¢, y")) + A1Aa}

where Ay = (to — t (q1,y%)) — (to — t (¢*, v*)) and Ay = 15 (1) —¢* 5 (¢*). Note that both

Ay and A, approach to zero as AT — 0. Therefore, there is a positive AT such that

|Az| < fmin {q*ﬂ (q*) 7t0 —1 (q*,y*)}, 1= 1a 27 f € (07 1)7 (410)

and

R(q"y") + A1 ("B (q") + D2 (to — (0", y")) + Arde = R(q",y") (1 - 26 = €7) > 0.

In fact, equation W () = 1 — 2§ — £2 = 0 has a solution & € (0,1) since ¥ (0) =1 > 0
and ¥ (1) = —2 < 0. In addition, since both A; and A, approach to zero as AT — 0, we
can find, ATy, AT, € (0, T — T*) such that inequalities (4.10) for ¢ = 1,2 are satisfied

simultaneously for £ with 0 < & < &. Set AT = min {AT}, ATy}, we obtain inequalities
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WA(T,q,y*) > W (T*,q*,y*) and P(T,q,y*) > P(T*,q*,y*). Therefore, (T, q,y*) strictly
dominates (T, ¢*, y*), which conflicts the Pareto-optimality of (T™*, ¢*, y*). This completes
the proof. O

It must be pointed out that Assumption 4.1 is one of the sufficient conditions for Lemma
4.3.1 to hold. It is still unclear whether the concession term is free from the effect of
the user heterogeneity without Assumption 4.1. Fortunately, there are many types of
commonly used distributions that meet this assumption, such as, the family of VOT
distributions with increasing failure rate (IFR) property (the uniform, exponential, nor-
mal, truncated normal and Gumbel distributions, and Weibull and gamma distributions
with shape parameters not less than one). A thorough study on the properties of the

probability distributions can be found in the monograph by Lai and Xie (2006).

To obtain further insights, Assumptions 3.1 (b), (c), 3.2 and 3.3 are similarly introduced
throughout this chapter unless otherwise explicitly noted. According to Lemma 4.3.1, let
the concession period be the road lifetime T, it is convenient to consider the following
bi-objective maximization problem

A we [ QFO (T @) +8) ()~ /) e

G \ P (8,7) QF (8) (T8 (to — t (7)) — /)
where Q = {(8,7) : 8 € ©,v > 0}, and n = k/T is the unit-time unit-capacity construc-
tion cost of the toll road. With a slight abuse of notation, let W (/3,v) and P (3,7)
denote W (T, 8,y) and P (T, 3,vy), respectively, in view of the definition v = ¢/y. Tt is
clear that any feasible solution of (4.11), (3,7), corresponds to the VOT and capacity
combination, (8,q(8)/7v) and vice versa. For the bi-objective BOT problem (4.11), A
BOT pair (8*,v%) € Q is called a Pareto-optimal solution if and only if there is no other
pair (3,7) € Q such that W (8,7) > W (*,7*) and P (8,7) > P (5*,7*) with at least

one strict inequality.

Let (B and (B,7) be the social optimum (SO) and monopoly optimum (MO) solutions
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that maximize W (3,v) and P (3,7), respectively. The corresponding demand levels are
denoted as § and g at 8 = 5 and 3 = 3, respectively. The first-order conditions for (B , ﬁ)

and (3,7) can be expressed as:

, (4.12)

m(B)+ 3= (4.13)

and

— 1 k
’ (1 - Gh (5)> T Ty (b —t(7)) (4.14)

™I
I

%. (4.15)
Denote 4 = arg max [ (to —t (7))] and v be the minimum v/c ratio solving the equation
T84t () = k, which is a specified positive number if 5% < oo; otherwise v = 0if
% = co. From first-order conditions (4.12)-(4.15) and the definitions of 4 and 7, it is

intuitive to see that v < 7,7 < 4.

Viewing ( and ~y as the functions of ¢ and y, from Assumptions 3.1 (b), (c), 3.2, 3.3 and
4.1, we know that the welfare function W in problem (4.11) is jointly concave in g and y
since the Hessian matrix of W in ¢ and y is strictly negatively definite. Therefore, there
exists a unique pair, (¢,y) maximizing the welfare function, and thus, the SO solution,
(B , ’y), is a unique locally extreme point of W. In addition, under the same assumptions,
B+qdf/dg > 0 at any extreme point of the profit function in problem (4.11) to guarantee
the necessity of the extreme condition. Therefore, at any locally extreme point, the
corresponding demand, ¢, must satisfy 5 + ¢df8/dg > 0. It is easy to check that the
profit function in problem (4.11) is also jointly concave in ¢ and y in the domain {(q,y) :

B+4qdB/dg > 0,y > 0}. And thus, the monopoly optimal solution, (B, '_y), is also a unique

locally extreme point of P.
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Using condition (4.12), the SO toll, p, can be rewritten as

ko kg
Ty 1§

p=0B(t—t() = (4.16)

which means that the toll exactly equals the average allocation of construction cost to
each user per unit time. In this case, the toll charge determined by Eq. (4.16) results in
a zero profit for the private sector, or the toll revenue will exactly covers the construction
cost, and thus the self-financing result holds. With condition (4.13), the SO toll can also

be expressed as:

5= j’% = (m () +8) 3 7) =E (2l > B) 3 (). (4.17)

where E (x| x> B) is the conditional expectation of the VOT with a value larger than B
(average VOT of the users of the BOT toll road users). Equation (4.17) is an extension
of the marginal cost pricing to the case of heterogeneous users, in which the average VOT
value is used in ascertaining the monetary value of congestion externality. Equations
(4.16) and (4.17) imply the well known first-best pricing and capacity rule: the socially
optimal toll equals the congestion externality in the sense of the average VOT for all
travelers using the toll road, and at optimal capacity level, the total toll revenue exactly

covers the total construction cost.

Combining conditions (4.14) and (4.15), the MO toll can be expressed as:

k=t oy o= t()
G A TR AT e

The MO toll consists of two components. The first component is the congestion charge
equal to the marginal external cost of congestion evaluated at the average VOT. The
second component is a strictly positive monopolistic markup. The portion of the rev-
enue associated with the first term of congestion charge is exactly equal to the highway

investment.

We now proceed to examine the property of the highway service quality in term of vol-
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ume/capacity ratio for Pareto-efficient BOT contracts under Assumptions 3.1 (b), (c),
3.2, 3.3 and 4.1. Let (T, q*,y*) be any Pareto-optimal solution of problem (4.9), and
denote the corresponding Pareto-optimal solution of problem (4.11) as (5*,v*). Consider

the following Lagrange problem:

L=W(@,7)+ AP (B,7) - P57, (4.19)

where A > 0 is a Lagrange multiplier. The following first-order conditions are satisfied:

Gl =T S S I e oL

0q (4" ") - (1 o (1 B*h (5*))) (to —t(7")) ~ 0 (4.20)
and

| =@y A o)+ Y (4.21)

8’}/ (a*7*) (,y*)

Eliminating A from Eqs. (4.20)-(4.21), we obtain the following relationship between the

VOT and v/c ratio at any Pareto-optimal solution (5*,v*):

AESTAESE Y (S S U
Tyt () hBYm (B T(to—t(v) v (h(ﬂ*)m(ﬁ*) 1+5*h(ﬂ*))- (4.22)

Viewing the Pareto-optimal v/c ratio v* as a function of the corresponding equilibrium
VOT (%, determined by implicit equation (4.22), v* = ~4*(5*). The continuity and
differentiability of v* (£*) in 5* can be directly derived from the implicit function theorem.

Taking derivatives on both sides of Eq. (4.22) in 5*, we have

d k _ B 1 dy
(((& Gt — ) + ) m) — (s + 7)) (4.23)

_ Myt m(BY)
LA B2 (B*)m(B*) "

From condition (4.21), we know that d (n/v*t' (v*))/dy + p* < 0, and thus, the bracket
term in the left-hand side of Eq. (4.23) is non-positive. The following lemma shows
the relationship of the service quality and VOT along the Pareto-optimal frontier of the

bi-objective maximization problem (4.11).

Lemma 4.3.2. Along the Pareto-optimal frontier of problem (4.11), the relationship be-
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tween the v/c ratio and VOT is contingent on the the curvature of the mean residual VOT
function, m (3), in the following three distinct manners:

(i) If m(B) is strictly convex in (3, then, along the Pareto-optimal frontier, the v/c ratio,
v, 18 positively related to the VOT, .

(ii) If m (B) is affine in (3, then, along the Pareto-optimal frontier, the v/c ratio, vy, is
independent of the VOT, .

(1ii) If m (B) is strictly concave in 3, then, along the Pareto-optimal frontier, the v/c

ratio, v, is negatively related to the VOT, (.

The v/c ratio v is a direct measure of the degree of congestion or the service quality
provided by the toll road: the larger the v/c ratio, the lower the service quality and vise
versa. In comparison with Proposition 3.3.2, we see that, the user heterogeneity has a
significant effect on the highway service quality. For the case with homogeneous users or
when the VOT distribution degenerates to a constant, 5(q) = fy in problem (4.11), it
is clear that ¥ = 4 and ¢ = ¢, which means that both the public sector and the private
sector would offer the same service quality of the toll road. This is a known result in
several previous studies (Wu et al., 2010; Xiao et al., 2007b). As indeed pointed out by
Edelson (1971), even when capacity level is given, the profit-maximizing private firm may
set a higher or lower toll level than that at social optimum. Thus, Lemma 4.3.2 is, in fact,
nothing but an observation already made by Edelson (1971). To offer further insights
into the effects of user heterogeneity on the Pareto-efficient BOT contracts, we make the

following assumption on the mean residual VOT and failure rate functions.

Assumption 4.2. m (8) > m/' (B) 8 and Bh(B) is increasing in 3.

The condition m (3) > m’ (f) f implies that the mean residual VOT from g, E (z|z > 8)—
B, is not less than the linear estimation, m’ (/) 5, where m’ (f) is the increasing rate of
the mean residual VOT at . On the other hand, Sh (/) is the generalized failure rate
function proposed by Lariviere (1999) that is required to be increasing with g in Assump-
tion 4.2. Note that Assumption 4.2 is not restrictive. First, the IFR-distribution implies a

inganean residual VOT function (Lai and Xie, 2006) and an increasing generalized
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failure rate function, and thus, Assumption 4.2 includes the IFR distributions (uniform,
exponential, normal, truncated normal, Erlang). Second, many widely used distributions,
such as, Weibull, gamma, lognormal distributions and Pareto distributions, listed in Table

4.1, all meet Assumption 4.2.

For the gamma and Weibull distributions, /' (5) > 0 with o > 1, Evidently, m’ () < 0.
It is clear condition m (3) —m/ (5) 8 > 0 is naturally true. Furthermore, when 0 < o < 1,
from the discussion below in Examples 2 and 3, we know that m (/) is concave with
m(0) = E(S) > 0, and thus, it is true that m(8) — m/(8) 5 > 0 is true. For the

lognormal distribution, from the direct calibration, we obtain

m (B) —m' (B) =0

> exp(—a?/2) _ _exp(=(z—0)*/2)
S0 2 f;‘x’ exp(—u?/2)du f:_oz exp(—u?/2)du

o ( exp(—z2/2) - l,) < exp(=(z—0)%/2) (z — 0))

f:oo exp(—u? /2 - f;—_os exp(—u?/2)du

e [ exp(—u2/2)du > _exp(=2?/2)

\/ 1422 /4+2/2

& mingsg (f;oo exp(—u?/2)du — %) = 0.0147 > 0.

We now analyze the relationship between the MO and SO solutions based on the Assump-

tion 4.2. From Eq. (4.11), we know that the social welfare can be expressed as

W (B,7) = P(8,7) + TQF (8)m (8) (to = t (7)) - (4.24)

In view of relationship (4.4), we know that F (3) m () is strictly decreasing in 3. Equation
(4.24) implies that ¥ > 7 = B < Band B> =7 < 7 since W (B,’y) > W(B,*_y)
and P (B,"y) > P (ﬁN,’y) = 0. We now show that the latter case never occurs under
Assumption 4.2. Dividing the both sides of Eqs. (4.12) and (4.13), respectively, we have

4 G))
m(5)+5_to—t(7)'

Similarly, dividing the both sides of Eqgs. (4.13) and (4.14), respectively, and using the
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hazard rate function, we have

e
Bh(B) to—t(¥)
Combining ¥ < 4, ¥ <4 and 7 (to — t (7)) > ¥*t' (), we know that, if ¥ < 7, then

since yt' () is strictly increasing and to — ¢ () is strictly decreasing in vy at v < 4. From
Assumption 4.2, Sh (/) is increasing in (3, and thus, for B> B, we obtain

B 1 1

<1l——=—=

M OP AR TR ) -

0<

Inequality (4.25) implies that (5) ( ) which conflicts Assumption 4.2. There-

fore, under Assumption 4.2, 3 < 3 whenever ¥ < 7. Since demand ¢ is a decreasing

function of VOT g, and thus, § > q.

Furthermore, if 4 < 4, then § = ¢/ > ¢/ = y. We now prove that § > gy even if
4 > 7. Using first order conditions (4.11)-(4.14), the social welfare at SO and MO can be

respectively expressed as

()

Note that (to —t(y))/7t' (7) is strictly decreasing in v at v < 4 and m (B8)/8 > 0.

Therefore,

0< ———F-—

hot() | _t—t() (m(ﬁ) +1> o
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which implies § > ¥ since (B , ﬁ) maximizes social welfare.

We move to compare the toll levels at SO and MO . If ¥ > 4, from the definition of toll,
p=pBty—t(v)), and g < B, we know p < p. We now prove that p < p for 7 < 7. From
Assumption 4.2, m () > m' (B) 8, we know

m (5) 1 B 1

mB) zm BB e e E S h® T mB 82 B

Combining the first-order conditions (4.11) and (4.13), we get

m(;) +B

IN
2|2

- LN La
%Z%G_W)—;m(ﬁ)ﬂ

where the last inequality follows the increasing monotonicity of m (5) + 8 and B < B.

Again, using the first-order conditions (4.12) and (4.14), we obtain

p_oa@YE) A
P AR E) WE) T
since v < ¥

The above discussion is summarized into the following proposition.

Proposition 4.3.1. Under Assumptions 3.1(b), (c), 3.2, 3.3, 4.1 and 4.2, B < B, and
thus ¢ > 4,9 >y, p < p.

Proposition 4.3.1 is a useful extension of the theoretical analysis by Xiao and Yang (2008),
who proposed only some examples to illuminate the possible results of the SO and MO
solutions. Proposition 4.3.1 points out that an analytical results exists when the contin-
uous VOT distributions satisfy certain properties. Note that Assumptions 4.1 and 4.2
are commonly used in revenue management literature; neither of the two assumptions
is more restrictive than the other (see Ziya et al., 2004, for more discussion and some
counterexamples). If the concession length is pre-determined (typically, 25 to 30 years),

then Lemma 4.3.1 and Assumption 4.1 become irrelevant, in this case Assumption 4.2 is
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sufficient to guarantee Lemma 4.3.2 and Proposition 4.3.1.

We know that the Pareto-efficient v/c ratio, v*, viewing as a function of Pareto-efficient
VOT, g*, given by Eq. (4.22), is a continuously differentiable function. The sign of
dv*/dB* is completely determined by the curvature of the mean residual function m (53),
such as, dy*/dg* > 0 when m” () > 0; dy*/dp* = 0 when m” (8) = 0; and dy*/dp* < 0
when m” () < 0. On the other hand, as we have discussed above that, from Assumptions
3.1(b), (¢), 3.2, 3.3 and 4.1, both the welfare and profit function, W and P, in problem
(4.11) are jointly concave in ¢ and y since the Hessian matrices of W and P in ¢ and y are
strictly negatively definite. Therefore, any Pareto-efficient profit level is associated with
a unique Pareto-efficient solution in (v, 8)-space because (3, ) is uniquely determined by
(¢,y). The following proposition is the direct result of Lemma 4.3.2 and Proposition 4.3.1

whenever the Pareto-efficient solution set is connected.

Proposition 4.3.2. Under Assumptions 3.1(b), (c), 3.2, 8.3, 4.1 and 4.2, along the
Pareto-efficient frontier from monopoly optimum to social optimum, the volume-capacity
ratio is decreasing (identical or increasing), and thus, the service quality measured in
volume-capacity ratio is increasing (identical or decreasing) if the mean residual VOT

function, m (), is convex (affine, concave).

From Eq. (4.23), we know that, if the distribution F'() is nondegenerate (users are
strictly heterogeneous), the v/c ratio v along the Pareto-optimal frontier from MO to
SO is decreasing, constant or increasing (the service quality is increasing, identical or
decreasing) whenever the mean residual VOT function, m (), is convex, affine or concave.
In particular, by comparing the two polar cases of MO and SO, the private sector offers a
lower, identical or higher service quality than the public sector does when m () is convex,
affine or concave. The results are similar to those of Xu (2009) on the supply chain, in
which the manufacturer sells his products to the customers of heterogeneous tastes directly
or via a retailer. At the optimal decision of the manufacturer, the product quality turns
out to be lower, identical or higher, if the curvature of the reciprocal of the hazard rate

function is convex, affine or concave, due to the effect of the distribution channel (retailer).
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In fact, in our case the government can be regarded as the manufacturer, providing the
highway service to the road users directly (social optimum solution) or by contracting
with a private firm (Pareto-optimal solution or contract). The major difference from the
supply chain distributing channel lies in that the road service in our case is a public good
and thus the objective function is an integral form that involves the mean residual VOT

function. We now provide several examples to depict the three cases in Proposition 4.3.2.

Example 1. If the mean residual VOT function m () is affine, such as, exponential
and uniform distributions, namely, m (8) = af + b, (a > —1,b > 0), then the hazard rate
function h(8) = (m/(B) +1)/m(B) = (a+1)/(af +b) (Lai and Xie, 2006). Equation
(4.22) is reduced to

by 0 bn 1 (4.26)

() to—t(y)

Since the left-hand-side term is strictly increasing and the right-hand-side term is strictly
decreasing in 7y, Eq. (4.26) admits a unique solution, implying that the v/c ratio is a
constant along the Pareto-optimal frontier (Case (ii) in Lemma 4.3.2). In particular, we
have 5 = 7. This leads to 8 < 3, § > ¢, § > y and p < p. Therefore, if m () is affine,
the private sector tends to choose a lower capacity but a higher toll than does the public

sector, resulting in the same service quality level as that at the social optimum.

Example 2. For the Gamma distribution, the hazard rate and mean residual VOT
functions are given in Table 4.1. The curvature of m () is completely determined by
the generalized hazard rate function, Sh (), which is free from the effect of the scaling
parameter u. Setting ;= 1 and taking the derivative of Sh (f), we have

o (1—2)z®Lexp(B(1—z))dz

([ e~ Texp(B(1—2))dz)”

_ [a 1
a (/3 1) [iF o texp(B(1—x))da +

(BR(B)) = -

1
(Ji>° zo—texp(B(1-))dw)”

™=
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and

(BB = <f+oozmii;3£u_mdz>3 {a(5 = e (50— o) as)’
—I—f (x — 1)z %exp (B (1 — x))dx

(e e (B0 - ) de) (7 (0= Do 2ep (81— @) de) |

which implies that m (5) is convex when a > 1; affine when a = 1; concave when
0 < a < 1. Therefore, gamma distribution with a > 1, « = 1 and 0 < a < 1 falls into

Case (i), (ii) and (iii) in Lemma 4.3.2, respectively.

Example 3. If § follows a Weibull distribution, the hazard rate and mean residual VOT

functions are given in Table 4.1 (Nassa and Eissa, 2003). From Eq. (4.4), we know

m' (B) =h(B)m(B) —1 = ap VT <1 + é) (1 T, (p, é)) —1.

To check the convexity of m (/3), we just need to check the increasing monotonicity of

function m' (). Taking derivative of m’ () with respect to 3, we get

m" (8) =2 (a-DT Lllﬂ-zll//;;) 2UH)er /:OO (% . 1) B P

which Weibull distribution with o > 1, « = 1 and 0 < « < 1 falls into Case (i), (ii) and

(iii) in Lemma 4.3.2, respectively.

To examine the results of Proposition 4.3.2; we consider the Weibull distributions with a
scaling parameter p = 1. Without necessarily representing a realistic setting, we assume
that £, = 120 (min), ¢ () = 60 (1+7), @ =1 k = 1 and T = 1. With shape parameter

= 2.0 and a = 0.8, respectively, Figures 4.1 and 4.2 depict the contours of social
welfare and profit in the two-dimensional (v, q) space. The Pareto-optimal solution sets
or contract curves, are denoted in bold curves connecting the MO and SO points. It is
clear that, when moving from SO to MO in the two cases shown in the two figures, the

v/c ratio increases and decreases, respectively, which is consistent with Proposition 4.3.2.
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Table 4.1: The hazard rate and mean residual VOT functions

Distribution | CDF or density Hazard rate h (3) Mean residual VOT m ()
1 | J(B) = pexp(=pp) h(B) = p m(B) =1/p
Exponential w>0,0>0 (constant) (constant)
: U [Bo, 8] h(B) =1/(8° - B) m(B) = (6° - B)/2
Uniform 30> By >0 (IFR) (Affine)
. W) = [T B _BhB) o _
£ (8) = K2 eut) exp (1B (1 - ) da m) = P
gamma v(a) e i (a > 1 convex; a = 1 affine;
a,pn>0,8>0 (o > 1 TFR; a = 1 constant; 0< o<1 concave)
0 < a<1DFR)
m(B) = pefT (1+ 1)
G 1)
-1 o | h(B)=2(L p=1(b/p
. _afB 8 &) o —x
Weibull St 2) = ;(E) o (_(;> ) (a>1 Ill;l(%u?y =1 constant; LA +1/a)= [ 2t/ "e "da
B>0,a>0,u>0 . ’ Ty (p.1/a) = 4/ e "da
’ ’ 0 <a<1DFR) 1(p,1/a) = T(1/a)
(a > 1 convex; o = 1 affine;
- 0 < a < 1 concave)
oo pu rfc((z—o)/V2
(—a?/2) h(g) = —=e2) m () = erte /2 :ffc(z/ﬁ) L,
exp(—z = 5
Lognormal f(Bip,0) = VoroB . v ﬂ/zgﬁerfc(w/ﬁ). erfc(x) = % f:oo e du,
z=(p—-pn)/o (increasing then decreasing (decreasing then increasing
ide- bathtub shape fail t
or upside-down bathtub shape failure rate) or bathtub shape mean residual VOT function)

IFR: increasing failure rate; DFR: decreasing failure rate
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Figure 4.1: Contract curve with Weibull Distribution (u = 1.0, o = 2)

The toll at any Pareto-optimal solution (/5*,7*) can be expressed as:

. B*h (B*)m (B) y*t' (v*)
+ (B8 + 5m (8)) (m(8%) + B* — B*h (B*)m (8*))

(4.27)

Unlike the case with homogeneous users, here it is generally hard to compare the toll levels
among the different Pareto-optimal solutions. Nonetheless, from A > 0 and m (5) + 5 >
Bh () m (B), we readily see p < p* < p. We know that, if the VOT distribution satisfies
Assumptions 4.1 and 4.2, the private sector has incentive to set a higher toll level than
the public sector and the intermediate Pareto-optimal toll must be higher than that at
SO and lower than that at MO. This observation is useful for investigating the behavior
of the private sectors under the regulations of the public sector. This result is restated in

the following corollary for our late reference.

Corollary 4.3.1. Under Assumptions 3.1(b), (c), 3.2, 3.3, 4.1 and 4.2, the toll level at
any intermediate Pareto-efficient BOT contract must be larger than that at SO and less

than _that at MO, namely, p < p* < p.
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Figure 4.2: Contract curve with Weibull Distribution (u = 1.0, o = 0.8)

4.4 Effects of User Heterogeneity on Regulations

The regulation of the public sector aims to induce the private sector to choose a prede-
termined Pareto-efficient BOT contract voluntarily. In more details, under the regulatory
mechanism, the profit-maximizing private sector obtains greater profit when she chooses
the Pareto-efficient BOT contract preset by the government than by any other alternative
choice. In this section, we go to investigate the outcomes of the various regulatory mech-
anisms under the assumptions of Proposition 4.3.2. Namely, In addition to the standard
Assumptions 3.1(b), (c), 3.2 and 3.3 about link cost and construction cost functions, we

further assume that the VOT distribution function satisfies Assumptions 4.1 and 4.2.

We first discuss two classical regulatory mechanisms: price-cap and rate of return (ROR)
regulations. Under the price-cap regulation, the private sector is allowed to set a price

below or equal to the upper bound price imposed by the public sector; under ROR reg-
80
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ulation, the private sector is allowed to earn no more than a "fair” rate of return on her

investment, by freely choosing a combination of the BOT variables.

Let (T, B*, y*) be the predetermined Pareto-efficient BOT contract and the corresponding
Pareto-optimal solution of problem (4.9) is (8*,+*). For the price-cap regulation, the
public sector sets a price constraint, p < p*, where, p* = §* (to — t (v*)). The problem
of the private sector under the price-cap regulation is to select a combination of the
concession period, capacity and toll levels to maximize the total profit under the toll
restriction. Obviously, the private sector will choose a concession period equal to T
whenever p* > 0. She also chooses p = p*, because choosing a lower toll level means that
the price cap losses validity and she can obtain more profit return at a certain locally
extreme solution. As discussed in Section 4.3, the local extreme solution must be MO
solution since there only exist a unique locally extreme point under our assumptions. As a
result, the MO toll p must be less than p*, namely p < p*, which contradicts to Corollary
4.3.1. First we note that, under the binding price cap constraint, g (to — t (v)) = p*,
can be regarded as an increasing function of 7. From the relationship (4.24) between
the social welfare and the profit, we readily see that reducing ~ results in a decrease of
B, thereby yielding a larger difference between the total social welfare and profit, since
F (B)m (B) is decreasing in 3. Thus, reducing v/c ratio will surely improve the social
welfare whenever the profit is enhanced, which conflicts the Pareto-optimality of (5%, v*).
As a result, the private sector may increase his profit gain only by increasing v/c ratio.

Taking derivative of P (/3,7) in «y yields

AP & 5 kBh (B) k

— =TQF (Bt 2h (B) — = + = . 4.28

== TQF(9) () (ﬂ O~ Tt o w)) (428
Substituting (4.20) and (4.21) into (4.28) leads to

dpP CTQ(F(B)) ¢ (v) (m(8*) + B)

dy (g*:7%) - 1+4 - -

which means that, under the price-cap regulation, the private sector tends to offer a higher

v/c ratio or lower service quality. Since the private sector makes a profitable deviation to
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choose (,7) with v > 4* and hence 8 > (*, the resulting choice of road capacity would
be lower or y < y*. It should be noted that if the price ceiling is set to correspond to the
MO solution (3,7), the corresponding Lagrange multiplier A — oo, and dP/ d7|( B3) = 0,
the private sector would not deviate since she can not earn any more profit. The result
comfirms to the homogeneous case examined in Chapter 3 and the traditional economic

literature (Train, 1991).

For a given Pareto-efficient BOT contract (T, B*, y*), the private sector would choose a
road-life concession period and offer a lower road capacity and lower service quality under

the price-cap regulation p < p*.

Next we consider ROR regulation. For a BOT contract (T, 3,y), we define the rate of

return (ROR) on investment is given as:

_P(Tqy) Thy(to—t()

ROR = — o ; ~1. (4.30)

Let s* > 1 be the ROR on investment at a predetermined Pareto-efficient contract
(T, q*,y*). Under the ROR regulation, the public sector imposes an upper bound on
the ROR:

ROR < s*. (4.31)

It is clear that the profit-maximizing private sector will select a combination of the conces-
sion period, travel demand and road capacity such that constraint (4.31) becomes binding.
Therefore, in view of y = ¢/, the profit-maximizing problem of the private sector under

ROR regulation is equivalent to the following constrained optimization problem

max 5 kQ
0<T<T,5>0,720

F(B)
. (4.32)

subject to the binding condition (4.31).

Viewing [ as a function of concession period 7" and v/c ratio 7 determined by the binding
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condition (4.31) and taking partial derivatives of £ in T and 7, respectively, we obtain

B
and
/ op
Bto—t(y) =t (7)) +v(to —t(v)) 5 0. (4.34)

For any given 7, Eq. (4.33) implies that [ is an increasing function of 7. Thus, under

ROR regulation, the private sector surely chooses the road life as the concession period

A

orT=T.

Furthermore, taking derivative of the objective function of problem (4.30) in =, letting

T =T and using 93/~ given by (4.34), we have

AP SRQF(B)RE) (1 ()
dy 7 (1 Bh(B) to—t(v))' (4.85)
From Eqs. (4.22) and (4.21), we obtain

aP|  _ ske FREIME) [ mE)+E

I e i e e ) EUECED

The inequality follows from m (8) + 5 > Bh () m (5) and the strictly inequality is true if
m () > 0 (in fact, m (8) > 0 is one of the necessary conditions for m () to be the mean
residual VOT function of a certain continuously VOT distribution). Therefore, decreasing
v can improve the profit, giving rise to an increasing in § and y (note that increasing
v will decrease § under the binding condition (4.31), and decrease the resulting profit).
Furthermore, viewing p as a function of v and taking derivative of (4.2) in -, we obtain
dp/dy = (to —t(v))dB/dy — St' (v) < 0. Thus, the toll charge will be increased when
decreasing ~. In particular, if the ROR is set to correspond to the MO solution (B, f‘y),
we have dP/d’y|(5ﬁ) = 0, and the private sector would not deviate since she can not
earn more profit. Consequently, the outcome of ROR regulation is same as that with

homogeneous users studied in Section 3.4.3
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For a given Pareto-efficient BOT contract (T, B, y*), the private sector would choose a
road-life concession period and offer a higher road capacity, higher toll level and higher

service quality under the ROR regulation ROR < ROR".

For the case of homogeneous users, Chapter 3 proved that the demand and markup
charge regulations can attain Pareto efficiency. The demand regulation is to set a minimal
level of demand, while the markup charge regulation is to restrict the maximal amount
of profit earned from each unit of realized demand (each trip) during the concession
period. However, in the presence of user heterogeneity here, both mechanisms prove to

be inefficient as elucidated below.

Under the demand regulation by the government for a targeted Pareto-efficient solution,
(T, 6%, y*), the private firm is allowed to make choices subject to the resulting realized
traffic volume level, ¢ > ¢*. Denote (*,~v*) as the corresponding Pareto-optimal solution
of problem (4.11). The demand regulation is equivalent to restricting § < g*. Without
loss of generality, suppose that the target Pareto-efficient BOT contract is profitable,
otherwise, it would be unacceptable to the private sector. The private sector’s problem is
to consider the following maximization problem:

max  QF (8) (T/a (ot (7)) - %) (4.37)

0<T<T,8<pB*y>0

subject to § < [*. It is clear that the private firm will choose a life-time concession period

T =T and select capacity and toll levels such that the VOT § and v /c ratio v satisfy

k

- T (4.38)

Comparing Eqgs. (4.38) and (4.21), we know that v > v* whenever, 8* < 3. If 3* = 3, the
private firm surely chooses the target contract since it is a monopoly optimum. In addition,
note that the Assumptions 4.1 or 4.2 guarantees the unimodality of the profit function
(Lariviere, 1999), we know that 8 > /* for any non-monopoly Pareto-optimal BOT

contract. Therefore, the private firm will not choose a lower VOT, or, equivalently, not
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offer service for more users. The reason is intuitive because if § < 3*, the problem (4.31)
is equivalent to a unconstrained maximization problem, which gives rise to a monopoly
optimal solution. As a result, the private firm will choose a lower capacity level and a

lower toll charge since v > ~* and = * (equivalently, ¢ = ¢*).

The markup charge regulation, as proposed in Chapter 3, means that the amount of
profit earned from each unit of realized demand (each trip) during the concession period
is restricted by a cap charge, ps. It is given by:
p (T B, y*)
P2 <Py = ——m—", 4.39
s Spi= g (4.39)
where ps is the markup charge and is defined by

_ P(T,B,y)
P2 == .
Tq

Under the markup regulation, the problem of the private firm is to maximize the net profit
by selecting concession period, toll and capacity levels under condition (4.39). Note that
the monopoly solution is the uniqueness of the locally extreme point. It is clear that the
profit-maximizing firm surely does not allow a space between the final determined markup
charge ps and the government regulated value p}, and thus, condition (4.39) must be
binding. After a simple rearrangement, the problem of the private firm under the markup
regulation is equivalent to maximizing the demand or minimizing the corresponding VOT

by selecting a combination of concession period and v/c ratio:

(T, ) = argmin{ﬁ B(to—1(7) — — =pi, T € [OT} > 0} . (4.40)

T~

Following a similar discussion as the ROR regulation, we know that the private firm will
choose a lifetime concession period, T' = T. Viewing [ as a function of +, the first-order
condition implies that the private firm will select capacity and toll levels such that the

frontier VOT f and v/c ratio 7 satisfy condition (4.38). Substituting § determined by
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Eq. (4.38) into the binding regulatory condition (4.39) yields

k(o—t() ko ooy k _klbo—t(y) Kk
W_Tv_ﬁ(to 1o Ty = T Pr(r) T )

The last inequality of Eq. (4.41) from the Pareto-optimal condition (4.21) and the in-
equality is strict whenever the target contract is not a monopoly optimum solution. Note
that the function given by the left-hand-side term of Eq. (4.41) is a multiplication of
two strictly decreasing and positive functions of v, and thus f () is strictly decreasing
with respect to v, which, combining inequality in (4.41) implies that v > +* for any non-
monopoly Pareto-optimal BOT contract. From v > 4* and binding condition (4.39), we

further obtain

k k
=ph4+ — < ph+ = = p*. 4.42
R A (4.42)

Since the problem of private sector is equivalent to maximizing the demand (minimizing
the VOT), he must not choose a higher frontier VOT, and thus the demand will not

decrease under the markup regulation, which results in a higher capacity level chosen by

the private sector.

We now examine that whether the private firm will choose a strict lower VOT under the

markup regulation. Consider function

6(7) = 5 (f0 — £ (7)) — jfﬁy, (4.43)

with ¢ (v*) = p3. Taking derivative of ¢ (y) in y gives rise to

do(v) _ _y " k
& Y (ﬁ Ty (7)) | e

It is clear that, from condition (4.21), d¢ (7*)/dy > 0 whenever (T, ﬁ*,y*) is a non-
monopoly Pareto-optimal BOT contract. Thus, increasing ~ from v* can strictly increase
the markup charge if 5* is kept unchanged, which implies that the private sector can

strictly decrease (8 from (* to trade off the increase of markup charge and the resulting
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profit is strictly increased from the level associated with (T, ﬂ*,y*). Viewing [ as a
function of « given by the binding condition (4.39), taking derivative of y = QF (3)/y
directly, we get that dy/dy < 0. To compare of the case with homogeneous users, we

summarize the effects of demand and markup regulations into the following proposition.

Proposition 4.4.1. Under Assumptions 3.1(b), (c), 8.2, 8.3, 4.1 and 4.2, for a given
non-monopoly Pareto-efficient BOT contract (T, B*, y*) , the private sector would choose
a road-life concession period and offer a lower road capacity and toll levels, which result in
a lower service quality under the demand and markup requlations; Both two have a positive
profitable derivation. Furthermore, the resulting demand exactly equals the requlated level,

q*, under demand requlation, while strictly higher than q* under markup requlation; both

requlations yield a positive profitable deviation.

Given a predetermined Pareto-efficient BOT contract (T , 8%, y*), the resulting frontier
VOT and v/c ratio satisfy condition (4.38) under demand and markup regulations. Note
that the latter induces a lower VOT or higher demand level (denoted by ¢™). This means
the private sector achieves more profit gain under the demand regulation. In addition,
the consequent welfare gain of the markup regulation can be completely achieved by
defining a new demand regulation using the demand level, ¢™, resulted by the markup
regulation. Therefore, the markup regulation dominates the demand regulation to achieve

more efficiency in term of social welfare gain whenever ¢™ < g.

Example 4. Figure 4.3 compares the outcomes of the private firm’s choices under various
regulatory regimes for the example adopted in Example 3. For a predetermined Pareto-
optimal solution, (5*,7*) =(0.4$/min, 0.1842), the rate of return of s* = 1.8584 and the
markup charge of pj = 13.447 ($). The four bold curves, L; Ly, indicate the binding
constraints in the (v, ) space, associated with the five regulatory regimes: (1) p <
P (2) s < 5% (3) B < B*orqg > ¢ and (4) po < ps. The corresponding feasible
domains are located above these curves in the (v, 3) space. As seen from the figure, each
regulatory binding curve is tangent to a profit contour; the corresponding profit represents

the maximum profit earned by the private firm under the given regulatory control. The
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Figure 4.3: Regulations and outcomes with Weibull Distribution (1 = 1.0, a = 2.0)

choices made by the private firms under each regulatory regime are identified by the
corresponding tangent point. In this numerical example, the markup regulation is more
efficient than the other three alternatives. It is worth mentioning that more efficient

regulation requires more information, and thus more costly to implement.

4.5 Conclusions

Built upon our work on the Pareto-efficient BOT contract and regulation for road fran-
chising in the previous chapter, this part investigated the properties of a BOT toll road in
the presence of user heterogeneity by employing a continuous VOT distribution. For the
VOT distributions satisfying certain assumptions, we proved that the concession period
is free from the effects of user heterogeneity, while the service quality (or, the volume-

capacity ratio) is dependent on the curvature of the mean residual VOT function. We
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proved that: if the VOT distribution has a convex, affine, or concave mean residual VOT
function, then the service quality is increasing, identical, or decreasing, respectively, along
the Pareto-efficient frontier from social optimal solution to monopoly optimal solution.
This chapter also investigated the behavior of the profit-maximizing private firm under
various regulatory constraints. Distinguished from the earlier results derived in chapter
3, we found that, the regulatory regimes (demand and markup regulations), which are
efficient to achieve any pre-determined Pareto-efficient BOT contract in the homogeneous
case, fail to lead to an efficient outcome. Both regulatory regimes result in a lower invest-
ment and lower service quality. Furthermore, in contrast to the demand regulation, the

markup regulation results in a higher demand level and a higher welfare gain.
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_5_

FLEXIBLE BOT CONTRACTS WITH DEMAND
UNCERTAINTY

This chapter investigates the optimal contract design for the highway franchising scheme
incorporating demand uncertainty, which can not be ex ante forecasted by either of the
public and private sectors. It is impossible to achieve the Pareto-efficient BOT contract
in the incomplete environment. This chapter investigates the full and partial flexibility
of the BOT contract according to the instruments adopted by the public and private
sectors. Full flexibility refers to the case in which the public sector promises an exogenous
rate of return on the private sector and in turn can freely ex post adjust the contract
in a socially optimal manner according to the observed demand curve. Partial flexibility
refers to the case where the public and private sector agree on an ex ante demand risk
allocation by contract and the ex post contract adjustment can be made contingent on
a Pareto-improvement to both sectors. A preferred Pareto-improvement can be selected
from the Pareto-optimal solution set of a bi-objective programming problem equipped
with a rational preference. The optimal BOT contracts with the two types of flexibility
are examined by assuming that the public sector chooses the original contract variables

to maximize the expected total social welfare while taking account of the ex post optimal

adjustments.
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5.1 Introduction

The studies in the previous chapter on the optimal BOT contracts (Homogeneous or
heterogeneous users) critically rely on the availability of perfect information on project
investment cost and future traffic demand. It is not unusual to encounter demand forecasts
which differ from reality by 20%-60% (Skamris and Flyvbjerg, 1997). High estimation
errors lead to either inefficient high levels of congestion or politically untenable levels of
under-utilization, which require for a flexible toll schedule, except for a flexible concession
period for cost recovery. Athias and Saussier (2007) provided various reasons for multiple
toll adjustment provisions in order to adapt the contractual framework to unanticipated
contingencies and to create incentives for cooperative behavior. Demand uncertainty and
fixed term contracts can, indeed, make it impossible to fulfill the concession agreement
in many cases, and contract renegotiation has been used to restore financial equilibrium.
This has some undesirable economic consequences: selecting the most efficient concession-
aire is no longer guaranteed, and prices lose their role as signals of allocative efficiency
(Engel et al., 1997, 2001; Nombela and de Rus, 2004). For this reason, flexible-term
contracts for road franchising have been proposed for achieving efficient pricing and cost
recovery, without contract renegotiation, and they can be implemented fairly easily. For
example, in a least-present-value-of-revenue (LPVR) auction, the bidding variable is the
present value of the toll revenues; the lowest bid wins, and the franchise ends when the
required amount has been collected (Engel et al., 2001; Nombela and de Rus, 2004). In
this case, the linkage between traffic uncertainty and revenue uncertainty is effectively
broken. The contract term is endogenously determined by the realized level of future
demand, so it is shortened in case of high demand and extended if traffic levels are low.
Following their earlier research (Engel et al., 2001), Engel et al. (2008) studied the con-
struct of an optimal risk-sharing contract between the public and private sectors when
there is substantial exogenous demand uncertainty, and then looked into the flexible term
contract following the realization of demand. Their analyses of flexible-term contracts
mainly focused on the concession period and demand uncertainty, a critical simplifying

ongestion and thus service quality is ignored or the travel time
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and thus traffic demand is independent of the road capacity or initial investment level
for the new road (equivalent to assuming that the road capacity was predetermined and

large enough).

In this chapter, we examine flexible BOT contracts for a new highway project, for which
the risk-neutral public and private sectors need to determine concession period, road
capacity and toll level in the face of demand uncertainty. It is assumed that, after the
highway is built, the uncertain demand curve will be revealed and observed and one or
more contract variables can be ex post adjusted according to the ex ante predetermined
rules. It is also assumed that the concessionaire can be compensated with a combination
of subsidies and future toll revenues, since the required up-front investment is generally
huge for a highway project. The cost of one dollar of public finance or subsidy is assumed
to be larger than one dollar of private spending to capture the inefficiency of the subsidy
(de Palma et al., 2007b). The resulting BOT problem with flexible contracts is to select
a combination of the BOT variables (capacity, toll and concession period) for maximizing
the expected social welfare, under the constraint of the exogenous minimum attractive rate
of return or minimum accepted rate of return (MARR) on private investment, while taking
into account the ex post adjustment strategies. The strategies with postponements have
been investigated in the marketing literature, in which, capacity and/or price decisions
are made ex post till acquiring enough knowledge of demand (Chod and Rudi, 2005;
Mieghem and Dada, 1999). We address two types of flexibility: full and partial flexibility.
Full flexibility refers to the case in which the public sector guarantees an exogenous
rate of return on the private investment and in return can freely ex post adjust the
contract (concession period, toll, subsidy size). Partial flexibility refers to the case where
demand risk is allocated between the public and private sectors and the ex post contract

adjustment can be made contingent on a Pareto-improvement to both parties.

The chapter is organized as follows. Section 5.2 introduces the basic definitions and as-
sumptions. Section 5.3 describes the BOT problems with and without flexibility and
Section 5.4 provides some important properties of the optimal contracts for the bench-

ith pe information on demand. Section 5.5 investigates the public sector’s
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optimal strategy for the BOT problem with full flexibility and Section 5.6 analyzes the
BOT contract with partial flexibility and the corresponding ex post Pareto-improving ad-
justment strategies. A numerical example is provided to elucidate our results in Section

5.7. Finally, general conclusions are given in Section 5.8.

5.2 The Basic Definitions and Model

Assume that the public sector plans to get a private sector to build a new highway with an
exogenously given life time, T. Tt is assumed that there is a constant marginal construction
cost, k (k> 0), with respect to the highway capacity, y, namely, the initial construction
cost is I (y) = ky. There are no operation/maintenance (O/M) costs. For many highway
projects, the upfront construction costs are much higher than the O/M costs. If the O/M
costs are constant or proportional to demand for the project, then the case with O/M
costs is a trivial extension as suggested by Engel et al. (2008). Let p denote the toll charge
for using the road and t(q,y) denote the travel time through the road as a function of

traffic demand, ¢, and road capacity, y. The price-dependent demand is modeled as

q= D (:ua 9) ) (51)

where p is the full price or the generalized travel cost of a trip through the highway and
f is a random variable that captures the demand uncertainty. It is assumed that 6 is
realized after the highway is built. We are concerned with the demand uncertainty or
deviation that occurs before and after the highway is built. The effects of the demand
fluctuation of the project after the highway is built, which is a multiple period dynamic
problem, is not considered in this chapter. And, to avoid technicalities, it follows a
cumulative distribution function, F'(6), with a continuous density function and a support
© C (0,400). The generalized travel cost, p, is given by a linear combination of travel
time, ¢, and toll charge, p, namely, u = p+ 5t (q,y), where [ is the value-of-time (VOT),
converting time into equivalent monetary cost (we consider homogeneous users only).

For any given 0, let B(q, ) be the corresponding inverse demand function of D (pu,0).
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Therefore, for any given toll charge, p, capacity, y and realization of #, the demand, ¢, is

determined by the following demand-supply equilibrium:

B(q,0) =p+pt(q.y)- (5.2)

Throughout this chapter, B (q,6) is assumed to be strictly decreasing in ¢, strictly in-

creasing in #, and twice differentiable in ¢ and 6.

Given the large up-front investment of the highway project. the private sector can be
compensated with a combination of subsidy and toll revenue. Like Engel et al. (2008),
to model the link of the project and the public funds, the marginal cost of public funds
(MCPF), A, is assumed to be larger than or equal to one (raising one HK$ will cost A

HKS to society), which captures the inefficiency of the subsidy adopted in the project.

When the highway capacity, y, and the toll charge, p, are selected, the demand, ¢, is
determined by Eq. (5.2), the unit-time (year or month) revenue for a realization of 6 can

be calculated as:

R(p,y,0) = qp. (5.3)

Let PS be the subsidy received from the public sector. The profit of the private sector

during the concession period, T', for any realization of #, can be calculated as
P (T,p,P°y,0) =TR(p,y,0) + P> =1 (y). (5.4)

The unit-time social surplus during the concession period is the sum of the consumer

surplus and the toll revenue

S(p,y,0) =CS(p,y,0) + R(p,y.0), (5.5)
where the unit-time consumers surplus, CS, can be expressed as

CS(p,y.0) = /Oq B (w,0)dw —q(p+ Bt (g,y))- (5.6)
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Substituting (5.3) and (5.6) into (5.5), we have

S@wﬁ%=lnﬂwﬂﬂw—ﬁw@w% (5.7)

During the post-concession period, T — T, the road capacity is fixed and the demand
curve is realized, leading to a deterministic problem. In this case, the public sector can

select a toll charge to maximize the unit-time social surplus

S (y,0) = max S (p1,y,0). (5.8)
p120
The total social welfare can be expressed as

W (T,p,P8,y,0) = TCS(p,y,0)+ P (T,p, PS,y,0)
—APS+(T¥—T)§(%9L

where the first two terms of Eq. (5.9) are the total consumers surplus and total producer
surplus during the concession period; the third term is the cost of subsidy; the last term

is the total social surplus during the post-concession period.

Note that Assumptions 3.1 (b), (c), 3.2 and 3.3 are still made throughout in this chapter.
In addition, to consider the demand uncertainty, we revise the Assumption 3.1 (a) on the

functions, B (q,0).

Assumption 5.1. The function ¢B (q,0) is strictly concave in q for any 0.

With Assumption 3.1 (b) and (c), ¢ (¢, y) is convex and thus ¢t (¢, y) is convex in ¢ for any
given y > 0. Combining the strict concavity of ¢B (g, ), the revenue function R (p,y,0)

is strictly concave in ¢ for any given y and #. Assumption 5.1 is common in revenue

management literature to assume the concavity of the "revenue function” (Ziya et al.,

2004).
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5.3 Models and Contract Flexibility

We assume that both the public sector and private firm are risk-neutral, and consider the

following various strategies to deal with demand uncertainty.

5.3.1 The BOT contract without flexibility

Without allowing for contract flexibility, all contract variables of capacity, concession pe-
riod, toll charge (or equivalently, demand), and subsidy size should be ex ante determined
by both parties according to their prior knowledge on the demand. Let (TI, 1, PP yI) be

the ex ante BOT contract, the BOT problem can be modeled as

max E (W (i, p1, PP y1,0)) (5.10)

0<T1<T,pr>0,P8>0,y1>0

with participation constraint of the private sector
E (P (ﬂ)pb Plsa yr, 0)) >rl (yl) ) (511)

where E () denotes the expectation and 7 is the minimum attractive rate of return
(MARR) on private investment. Note that, different from the participation constraint
of the private sector proposed by Guo and Yang (2010b), the present study adopts the fi-
nancial indicator of MARR rather than the exogenously required profit (net prevent value
of future revenue minus initial investment). In real world, the return rate of investment
is an important index for the sectors to assess their investment, specially in the presence
of investment risks. The MARR varies from high rates for those seeking high-risk invest-
ments to low rates for those looking for security. In this chapter, the MARR is assumed
to be exogenously given. A number of models and processes are available to determine

the value of MARR (Sullivan et al., 2006).
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5.3.2 The BOT contract with full flexibility

In contrast with the case without flexibility, we suppose the public sector bears all the
demand risk, and in return, after observed demand curve and contingent on the ex ante
capacity choice, can ex post freely adjust the contract variables, T', p or ¢, and determine
the subsidy size. Therefore, the BOT contract with full flexibility can be viewed as the
following problem: the public sector ex ante selects capacity and ex post determines
other contract variables after the demand curve is observed, while the return rate of the

investment of the private sector is guaranteed at any realized demand state.

Let y; be the ex ante capacity and (TH, i, PISI) be the ex post choice of the remaining con-
tract variables after the demand curve is observed. The BOT problem with full flexibility

can be modeled as:

max E (W (y,0)) (5.12)
y1>0

subject to
P (T, pu, Py, 0) > 71 (1) , V6 € ©. (5.13)

Constraint (5.13) means that the private sector can receive a predetermined return rate
on its investment regardless of the future demand state, and thus it is risk-free. It is clear

that (TH, pir, PISI) are functions of the demand state 6.

5.3.3 The BOT contract with partial flexibility

For the BOT contract with partial flexibility, it is assumed that both the public and
private sectors share the project risk, a compromised case between the two polar cases of
rigid and fully flexible BOT contracts. In this case the ex post contract adjustment should
be Pareto-improving and thus would be acceptable to both parties. However, there is a

o parties in choosing their own preferred Pareto-improvement
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from a set of available Pareto-improvements. To resolve this discrepancy, we first specify

the following rules of the ex post contract adjustment:

Rule a. the private sector should adopt a non-dominated Pareto-improvement and alter

the original toll as little as possible;

Rule b. the public sector can modify the contract for the interests of the public by

compensating the concessionaire through changes in toll, concession period and subsidies.

The first rule specifies the freedom of the private sector to adjust the original contract,
which must guarantee the current realized public interests and adopt a least (positive or
negative) amendment on toll within the Pareto-improvement domain with elastic demand.
The second rule simply states that the public sector modifies the contract for the public
interests. In this case, the public sector should compensate the loss of the private sector
caused by the modification by a combinative strategy. It is common to predetermine some
rules for the ex post contract adjustment in reality. In Chile, similar rules are specified in
detail by the concession laws for the toll road projects, in which, the toll can be adjusted

by the private sector within some predetermined limits (Lorenzen et al., 2003).

To simplify our discussion, we assume that toll is the only flexible instrument, which can
be adjusted according to the observed demand curve. This can be the case in reality
if the private sector does not accept an extension of the duration of concession period
without increasing the minimum attractive rate of return of its up-front investment. Let
(TI, Pr, PIS,yI) denote the original contract and, for any realization of @, let py and P
denote the ex post toll and additional subsidy (if necessary), we then have the following
constrained bi-objective programming problem:

w P3| T, P3 0
nax (pH, 11| L P 1, U, ) (5.14)

pHZO’PISIZO P (pH7 PISI| 7117p17 PIS7 Yr, 0)
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subject to

W(pII7PISI|ﬂ7pI7PIS7yI>9) > w (prbPIS;yI’H)

P (pH, PISI| 11, pr, PIS> Y1, 9) - P (TI,Pb PIS?yI) 9) ’ 1)
where ex post social welfare and profit are
W (pu, Pi| Ta, pr, PPy 0) = W (Th,pun, B, 0) = AP (5.16)
and
P (pu, Pi| Ty pr, Py, y1, 0) = P (Th,pu, PPy, 0) + Py (5.17)

Note that problem (5.14)-(5.15) has a non-dominated or Pareto-optimal solution set. To
incorporate adjustment Rules (a) and (b), we equip the Pareto-optimal solution set with
the following preference:

(1311, ]5181) < (p, B) < JTISI > iz 0or (5.18)

P = Pi>0and |py—pi| > [pn — pi

It is clear to see that preference relation (5.18) satisfies transitive and complete assump-
tions, and thus, it is rational (Varian, 1992). If PS = PS = 0, the toll py is the non-
dominated Pareto-solution of problem (5.14)-(5.15) with the minimal increment, therefore,
according to Rule (a), pyy is allowed to be set by the private sector. As to be proved later,
at the optimum of problem (5.14)-(5.15) equipped with preference (5.18), Rule (b) is ful-
filled as well, namely, the public sector shall only subsidize the private sector to modify the
contract if the resulting social welfare after the adjustment under Rule (a) can be further
enhanced. These together imply that the optimal solution of problem (5.14)-(5.15) with
preference (5.18) is the unique Pareto-improvement under Rules (a) and (b). It is difficult
to design franchising contract with toll-flexibility. To allow user fees to be adjusted by
the concessionaire would result in monopoly pricing as the case of the Orange County 91
Express Lanes (Engel et al., 2008). The restriction of Pareto-improvement mitigates to a

certain degree the negative consequence of contract flexibility.
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the public sector, considering the ex post adjustment performance, determines an original
contract (TI, D1, PIS) to maximize the expected total social welfare with the expected profit

constraint, namely,

max E(W (,—Tlapbplsaybe)) = / W(pIhPISIl,—prI;PIS;yDG) dF (9) (519)
(S}

(TI 7pI7PIS 7311)

with the constraint

E(P (ﬂ7pI7PISayI70)) - / P(pII7PISI|7}7pI7PIS7yIa0) dF (9) > rl (yl) (520)
S}

5.3.4 Further discussions of the BOT contract with variable degree of flexi-
bility

For the fully flexible contract defined by problem (5.12)-(5.13), the private sectors are
generally risk-free and the contract can be awarded through a competitive auction or-
ganized by the public sector, such as, the least-present-value-revenue (LPVR) auction
proposed by Engel et al. (2001) after determining the capacity or investment level. Thus,
a reasonable minimum attractive rate of return on the investment can be ascertained by

the auction.

For the partially flexible contract defined by problem (5.14)-(5.15) with preference (5.18),
any possible loss of the investors is not compensated by the public subsidy. The ex
post subsidy in the second stage is offered by the public sector for compensation to the
investors only if a welfare-improving adjustment causes a decrease from the investors’
potential profit level based on Rule (a). The compensation mechanisms are adopted in
practice including the provision of public subsidy, variation of tolls and change of contract
length. The contract is renewed through the renegotiation between the parties concerned.
Comparing to the renegotiation procedure, the partially flexible contract considered here
is a self-renewal contract since the adjustment is Pareto-improving. Vassallo (2006) in-

vestigated three mechanisms applied in Chile to mitigate the traffic risk: the minimum
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income guarantee, the least present value of the revenue and the revenue distribution
mechanism; Soong (1999, ADB report) listed numbers of examples including the three
types of toll roads contracts. This type of self-renewing contract can potentially enhance
those compensation mechanisms prevailing in practice. For example, in the presence of
demand elasticity, without requirement for the Pareto-improvement, the minimum income
guarantee mechanism could result in a huge welfare loss. A careful examination of the
existence of Pareto-adjustment is surely favourable before a compensation mechanism is
implemented. In the contract with minimum income guarantee, if the realized revenue is
lower than 70 percent of the total up-front investment plus the estimated maintenance
and operation cost, the public sector will provide a subsidy to the investor; whereas a
more than 15% rate of return on investment will trigger a revenue-sharing mechanism

(Vassallo, 2006).

The ex post adjustment for the BOT contract with full flexibility is also Pareto-improving,
because the public sector will not lower the private benefit due to guaranteed MARR when
determining the contract variables. It is worth mentioning here that the MARRs for the
models with and without contract flexibility are different. Among the three kinds of BOT
contracts, including the rigid one, the public sector should set a lowest MARR. for the
contract with full flexibility since the private sector bears no demand risk, and a highest
MARR for the rigid contract since the private sector is not allowed to adjust the contract
but bears all demand risk. The rigid contract would result in an underinvestment, while
the fully flexible contract reduces the cost-cutting incentive of private sector and causes
overrun of the project cost. The partially flexible contract is an ideal compromise between

the two polar cases.

Generally speaking, the BOT problem without flexibility is of less interest unless in the
absence of uncertainty or for whatever political reasons, since, for any given MARR,
the outcomes with a partially flexible BOT contract will always dominate a rigid one.

Hereafter, we will consider the latter two types of BOT contracts with full or partial

flexibility.
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5.4 Benchmark Analysis with Perfect Information

Consider the benchmark case with perfect information or parameter ¢ is known to both
parties. In this case, the BOT problem becomes the following maximization problem:

max w (T,p, PS.y, 9) (5.21)

0<T<T,p>0,PS>0,y>0

with the following participation constraint of the private sector
P (T,p, PS.y, 0) >rl(y). (5.22)

A pertaining issue here is to determine when a public subsidy is desired and what size
is optimal in the BOT problem. The following proposition from model (5.21) and (5.22)

offers the public sector a guideline on provision of subsidy.

Proposition 5.4.1. Under Assumptions 5.1, there exists a unique ro > 0 such that the
private sector must be compensated by a positive subsidy to implement the social welfare-
mazximizing BOT contract if and only if the minimum attractive rate of return (MARR)

1s lager than .

Proof. Firstly, it is clear that 7% = T at the optimal solution of problem (5.21). A rigorous
proof of the optimal concession period can be found in Proposition 2 in Guo and Yang
(2010b) in the deterministic optimum case, and Proposition 3.3.1 in Chapter 3 in the

deterministic Pareto-optimum case. Rewriting Eq. (5.2) as

p(¢.y) = B(q,0) — Bt (q.y), (5.23)

which means that determining the variables p and y is essentially equivalent to selecting
the variables ¢ and y for the benchmark case (# is known to both parties). Therefore,
we substitute BOT contract (T, q, PS, y) for (T .p, PS, y) and consider the following two

polar cases of the original problem.
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Relazxing the non-negative constraint of subsidy. In this case, the subsidy (positive or

negative) always considered by the public sector, P® is expressed as:
PS = (1+47r)ky —Tqp. (5.24)

After substituting PS into the objective function (5.9) and in view of T = 7', problem
(5.21) becomes the following unconstrained programming problem of ¢ and y.

(P1): max TS (p,y,0)+ (r—A—rA)I(y)— (1 -\ Tgp. (5.25)

p=>0,y>0

A negative subsidy in (P1) means that the public sector extracts revenue from the highway
system, which is, however, not the optimal solution of the original problem (5.21)-(5.22),

because the public sector would not value the revenue of one HK$ as one HKS$.

No subsidy. For this problem, subsidy is not considered by the public sector and thus

PS = 0. In this case, we consider the following problem:

subject to
TR (p,y,0) — ky > rky. (5.27)

where p is the function of ¢ and y, given by (5.23).

Let (T, q, PS", y*) be the optimal solution of problem (5.21). We know that, if PS* > 0,
(T, qr, y*) must be the solution of problem (P1), and vice versa; if PS" = 0, (T, q*, PS", y*)
must be the solution of problem (P2), and vice versa. The proof is organized in the fol-

lowing several steps.

(1) The optimal demand, ¢*, and optimal capacity, §* of (P1) are continuously differen-

tiable and strictly decreasing with r.
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Evidently, the optimal demand ¢* and capacity ¢* of problem (P1) must satisfy the

following first-order conditions

s,

q

= -\ (5.28)

9=q* ,y=9*

and

k 1\ rk
(Ry)q:q*,y:g* - % + (1 - X) ?7 (529)

where CS, denote the partial derivative of consumer surplus, CS, with respect to g.
Similarly, Sy, Sqq: Sqy: Ry, Ryq and Ry, denote the first- and second-order partial derivatives
of the corresponding functions in the subscript variables. Equation (5.28) states that the
ratio of the marginal consumer surplus to the marginal revenue in demand at optimum is
exactly equal to the marginal cost of public funds, A. From Eqs. (5.28) and (5.29), using

the implicit function theorem, we have

A
w )"\ o=

where A is 2 X 2 matrix

Squq_quSq SQURQ_RQUSQ

A R R

qu Syy

By direct calculation, we know |A| < 0 and

dg*

Al T | < !
dg*
dr 0

Therefore, (¢*,4*) is continuously differentiable in r and both ¢* and §* strictly decrease

with r.

(2) The optimal demand, ¢*, and optimal capacity, i7*, of (P2) are continuously differen-

tiable and strictly decreasing in r; furthermore, at optimum, function, (CS,/ Rq)q:q* —
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Note that the first-best solution results in a zero profit under Assumptions 5.1 and 3.2.

At the optimum of problem (P2), constraint (5.27) becomes binding:
TR (p,y,0) = (1471) ky. (5.30)

The optimal demand, ¢*, and capacity, y* satisfy the following optimality condition:

% B rky*
Rq 9=q* ,y=y* T(qu*)qu (qu*7 9)

~ 1. (5.31)

Viewing (¢*, ¢*) as a function of r, the standard proof from the implicit-function theorem
readily obtains the continuous differentiability of ¢* and y*. Similar to the proof in step
(1), we further have that both ¢* and y* strictly decrease in r. Taking derivative of both
sides of Eq. (5.31) in 7, we obtain that (CS/Ry),_s. ;. also strictly decreases in r
and (CSy/Ry),_y. ,—j» = —1 with r = 0. Furthermore, we have that (CSy/Ry) _.. .

approaches —oo as 7 — 4o00. To prove this, we only need to prove that g (g%, y*,r)

approaches —oo as r — +o00, where

B rky*
T(¢)*B, (¢*.0)

(5.32)

Since (CSy/Ry) e ,—ye 18 strictly decreasing in 7, if g (¢*, §*, ) does not approach —oc as
r — oo, then g (¢*, y*,r) is lower bounded and thus convergent as r — +o00. Without
loss of generality, we assume that g (¢*, y*, ) approaches —go, where gq is a certain positive
number, mathematically, for any infinitely small positive number ¢ > 0 (¢ < 1/2), there

exists r; such that for any r > ry, we have g (¢*,y*,7) > —go + €. Taking derivative of

the social welfare, W, in ¢ under the binding condition (5.27), we have

daw _ CSq d
> 1k (14 (90 — ) =) (5.33)
>0

which contradicts the optimality of ¢* and y*.

(8) The private sector must be compensated by a positive subsidy to implement the social
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welfare-maximizing BOT contract if and only if the MARR 1is lager than rg.

Proving the above statement is equivalent to proving that, there exists a unique ry > 0,
problem (5.21)-(5.22) is equivalent to (P1) if » > ry and equivalent to (P2) if r < rq.
From step (2), setting (CSy/Ry),_g 5+ = —A induces a unique solution ry since A > 1
and (CS,/Ry),_.-
(5.31), we obtain

-+ Strictly decreases from —1 to —oo with r. From Eqgs. (5.30) and

k 1 rk
R ek vk — X + 1 - . 534
( y)q—q Y= i ( _(CSQ/RQ)q_q*,y_gj*> T ( )
Substituting (CSy/Ry),_s. s = —A into (5.34), we know that (¢*, §*) satisfies conditions

(5.28) and (5.29), or (¢, §*) = (¢*, 9% at r = ro.

For any r with 0 < r < rg, (CS,/R,) _j > —A and thus £ < g— From Eq. (5.34).

S

a=3q*,y

Rewriting conditions (5.28) and (5.31), respectively, as

. 1Y 0B (q",0) 7 T, (T
B(q".0) + <1—‘> ¢ = Bt ) At (= 5.35
&) A dq Uk g\ (539)
and
Sk 1 < OB(q*,0)
B(q",0) + (1 - s /Rq>q:q*,y:y*) 7 =5 (5.36)
— T« AT
From Assumption 3.2, combining (CSy/Ry),_g g > —A and ;— < g—:, we know that

¢* > ¢* and thus y* > ¢*. It is clear to see both the consumer surplus, CS, and the net
profit, rky*, at (¢*,y*) are larger than those at (¢*, 9*). Therefore, (¢*,y*) is the optimal
solution of problem (5.21)-(5.22). By the same token, we readily obtain that, for any r
with r > ro, (¢*,9*) is the optimal solution of problem (5.21)-(5.22). In summary, when
the MARR is lager than rg, a positive size of subsidy is adopted by the public sector
at optimum; while when the MARR is less than or equal to ry, no positive subsidy can

enhance the social welfare. The proof is completed. O
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Proposition 5.4.1 provides a criterion for the public sector to consider subsidy in the public-
private partnership (PPP) projects. Designing the subsidy schedule is of importance to
the public sector in the PPP highway projects: the public sector guarantees investment
return, on one hand, to reduce the cost-cutting incentive of the private sector, on the
other hand, to prevent exhausting the user fees to overcompensate the investment. When
the exogenous MARR is less than or equal to ry, subsidy can not enhance the social
welfare; it is better for the public sector to compensate the concessionaire solely using the
future toll revenue. However, when the MARR is larger than rg, subsidy can improve the
social welfare and, at optimum, the gain in social welfare will exceed the total investment
cost (construction cost plus the weighted subsidy cost). The subsidy effect on the optimal
social welfare can be explained geometrically in Figure 5.1 (the parameters take the values

set in Section 5.7.

The logic of this proposition is intuitive. From the proof in Appendix 1, if the substitution
ratio of the marginal consumer surplus to the marginal revenue in demand exceeds the

marginal cost of public funds, A, or if,

CS, <A (5.37)
7 lg=q*y=y*
then it is unwise for the public sector to refuse compensation to the private sector using
public funds. The reason is, in this case, that one dollar private investment causes more
than A\ equivalent dollars of consumer’ benefit, and thus the social benefit is enhanced
by substituting one-dollar private investment with equivalent public fund. However, the
MCPF, which is used to capture the inefficiency of public subsidy, is hard to estimate for
a practical application. If the public sector values the MCPF too high, then the subsidy
schedule would be Ruled out from the BOT problem. As a result, a second-best solution
of the social welfare maximization problem with zero- or positive return rate constraint
has to be achieved. If the public sector is efficient and the user fees and public funds
are perfectly substitutive to each other (there is no additional cost using public funds),

then the public sector always implements a welfare-maximizing BOT contract by virtue

of subsidy if need regardless of the required rate of return.

AR\ Zyl_i.lbl :
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From the classical road self-financing theorem under Assumptions 3.1-3.3 (Mohring and
Harwitz, 1962), the profit at social optimum is zero, the reader may refer to Verhoef
and Mohring (2009) for a latest exposition of the theorem. The theorem is also true
even under optimal selection of the concession length for the welfare maximizing problem
(5.21) without participation constraint (5.22) (Guo and Yang, 2010b, and Chapter 3 in
this thesis). Thus, the strictly positive return constraint (5.22) must be binding at the
optimum solution of problem (5.21) and (5.22). We note that, regardless of the necessity
of subsidy, condition (5.22) is always binding at the optimum solution of problem (5.21)
and (5.22). If no subsidy is needed at the optimal solution of problem (5.21)-(5.22), then

the binding condition 5.22 reduces to:

TR(p(q").y",0) = (1+r)ky". (5.38)
which implies that the MARR is just satisfied. If a subsidy is required to compensate the
private sector at the optimum solution, we know that the corresponding optimal demand

must satisfy the first-order condition (5.28), In its details,

. 1\ ~0B(q,) q d,(4qY _

and the corresponding toll p is given by Eq. (5.2). For any given capacity y. let ¢ be the
demand level determined by Eq. (5.39), at which the minimum attractive return rate is
just satisfied, and the corresponding toll charge is denoted by p. Correspondingly, let ¢
and ¢ be the first-best and monopoly demand levels, which maximize the unit-time social
welfare, S, and unit-time revenue, R, respectively. The corresponding toll charges are
denoted by p and p, for given capacity y. It is clear that ¢ and ¢ solve the following
equations, respectively,

B(q,0) — fpt <§> - ﬂgt' (g) =0 (5.40)

and

(5.41)
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Viewing ¢ and ¢ as functions of y, we know that both ¢ and ¢ are strictly increasing
functions of y. Evidently, for any y > 0, ¢ is located between ¢ and ¢, because, from the
proof of Proposition 5.4.1, CS,/R, is strictly decreasing in ¢, CS,/R, = —1 at ¢ = ¢, and
CS,/R, = —o0 at ¢ = q, respectively.

5.5 BOT Problem with Full Flexibility

In this section, we assume that the public sector bears all the demand risk, and in return
has the power to ex post adjust all contract variables contingent on the ex ante selected
capacity according to the realized demand curve. The BOT problem with full flexibility is
modeled by programming problem (5.12) and (5.13). We first examine the public sector’s
optimal adjustment strategy after the highway is built and the capacity is given y;. Recall
that ¢ and ¢ are the socially optimal demand and the demand with subsidy at capacity
y1, given by conditions (5.40) and (5.39), respectively, and p and p are the corresponding

toll charges. For given y; > 0, we define:

4 (yr) = in {0 €O TR, y,0) > (1+r) k:yl} (5.42)
and

0.(n) =sup {0 € ©: TR (p,y1,0) < (1 +7) kn }. (5.43)

It is easy to determine 6 (y;) and @ (y;) when support set © is given. Let © = (0, +00).
If, for any § € ©, T - R (P,y,0) > (1 +7)kyr, then 0 (y) = +oo; if, for any 0 € O,
TR (B,y1,0) < (147)ky;, then 0 (y;) = 0; otherwise, solving for ¢ from the following

equation

ﬂT(q)Q%q’yl) =(1+7r)ky (5.44)

and substituting the solution into Eq. (5.40) give rise to @ (y;). Similarly, 8 (y;) can
be determined by combining Eqs. (5.38) and (5.44). The following lemma reveals the
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properties of the infimum and supremum of the high and low demand states, 6 (y) and

0 (yr).

Lemma 5.5.1. Both 0 (y;) and 0 (y;) are non-decreasing in y;; for any capacity y; > 0,
0<0(yr) <0 (ys) < +oo and

(i) TR(p,yn0) > (L+7r)kyrat 0 € (0 (yr),+00) N O;

(it) TR(p.yr.0) = (1+ 1) kyr for a certain j € [p.5] at 0 € [0.(yr) .0 (y)] N O;

(iti) TR (p,y1,0) < (1+7) kyr at 0 € (0,0 (y)) N ©.

Proof. Without loss of generality, suppose 6 (y;) < +oc and 6 (y;) > 0. If there is a 6 with
0 > 0 (y), such that TR (p,yr,0) < (14 r) kyr, then for any 6% < 6, we have

fr o o) — 7o T o (T < ig( 1) v (4
TR (p%,y1,0%) =18 t <Tp t < (147) Ky, (5.45)
Y1 U Y1 Y1

where both (%, 6#) and (g, ) satisfy condition (5.40). Inequality (5.45) implies that 6 is
a lower bound of the set {0 €O :TRp,y,0) > (1+7) k:yl}, which contradicts definition

(5.42). Conclusion (i) is proved.

Viewing ¢, given by (5.28), as a function of # for given y;, we have

dg Ry (ABy+ (A —1)(By + qBy))

= 4
deo Squq - Sqqu (5 6)
Taking the derivative of R (p,y1,6) in ©, we obtain
dR (]57 Ui, 0) qu
_p g . 4
0 R, 0 + Ry (5.47)

If dg/d6 < 0, we have dR (p,y1,0)/d6 > 0 since R, (p,y1,0) < 0 and Ry > 0; If dg/dd > 0,
or ABy + (A — 1) (Byg + qBy) < 0, we have

dR(wr0) _ Ra(Ro(Seq+(A=1)Req)—Rq(Bo+(A—1)(Bo+qBy)))
d9 - Squq*Sqqu (548)

> 0.

Since revenue R (p,yr, 0) strictly increases in 6, if there is a 6 with 0 < 0 (y;), such that
then for any 6# > 0, TR (ﬁ#,yl,ﬁ#) > (14 7r)ky;. There-
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fore, 0 is a upper bound of the set {9 €O :TR(p,y,0) < (1+7) kyl}, which contradicts

definition (5.43). We obtain conclusion (iii). In addition, (i) and (iii) simply imply (ii).

Suppose y; > ¥, if 0 (y1) < 0 (y2), then there is § such that 0 (y;) < 6 < 0 (). From

definition (5.42) and conclusion (i), we know that

~

and

~

TR (ﬁ% Y2, 0) < (1 + ’I”) ky2 (550)

Together with (5.40), we obtain

~ 2 ~ ~ 2 ~
Tﬂ<2> ¢ <2> > (1+1)k>T8 <@> ¢ <@> . (5.51)
n n Y2 Yo

Since T/6~2t () is monotonically increasing in v, Eq. (5.51) implies §1/y1 = 71 > Fadz/vo.
Note that, at optimum, B (g,0) = St (7) + B~yt' (7). We further have B (¢1,0) > B (g2, 0),
and thus, ¢; < ¢ since B (q, ) strictly decreases in ¢q. These two relations, % > Z—Z and
Gi1 > @2, give rise to y; < yo, which contradicts our assumption that y; > y,. Therefore,
y1 >y, must imply 0 (y1) > 0 (y2), or 8 (y) is non-decreasing in y. In a similar manner,

we can readily prove that 0 (y) is non-decreasing in y. The proof is completed. O

Lemma 5.5.1 depicts that © C (0,6 (y1)) U [0 (v1) .0 (v1)] U (6 (y1) , +00) is a partition
of the future demand state space. The domain (0,6 (y1))[)© represents a low demand
state. When the realized 6 locates in (0,0 (y1)) [ ©, even setting toll level p, correspond-
ing to the demand level ¢, the toll revenue is not enough to compensate the private
sector’s investment and the required return. In this case, setting a higher toll level to
increase total revenue is inefficient than directly subsidizing the private sector. The do-
main (6 (y1),+0c) (O represents a high demand state. When the realized § locates in
(6 (y1) . +00) O, the toll revenue at the first-best or marginal cost pricing p is enough

to compensate the private sector’s investment and the required return. In this case, it is
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evident for the public sector to set the first-best toll charge p. Between the two domains,
or if the realized 6 locates in [6 (1), (y1)] () ©, the public sector can always select a toll
level p higher than p and lower than p such that the total toll revenue is exactly equal to
the sum of the private sector’s investment and the required return. In this case, from the
discussions in Section 3, the best response for the public sector is to set toll level p, and
subsidy can not enhance the total social welfare. We term this domain [6 (1), (y1)] N ©
as representing an intermediate demand state. In addition, € (y;) is the upper bound of
the low demand state, which is useful to calculate the subsidy probability. No public
funds should be transferred to the private sector if the realized @ is larger than 6 (y;). The
subsidizing probability is Pr{6 € (0,60 (y1)) () ©}.

According to the realized demand states, the public sector’s optimal ex post adjustment

procedure is stated in the following proposition.

Proposition 5.5.1. For any given capacity y;, suppose (T;}, 3 P}ql*) 15 the optimal so-
lution of problem (5.13), we have

(i) if 6 € (6 (ys),+00) N O, then py;=p, Ty > (r + 1) kyy/R (P, y1,0) with Py = 0;
(it) if 0 € [0(y1),0(yr)] N O, then p; =p, Tj; = T with PS5 = 0;

(iii) if 0 € (0,0 (y1)) N O, then pj; = p, Tjy =T with P§" = (1 +r) ky; — Tgp* > 0.

Engel et al. (2008) investigated optimal flexible PPP contracts with inelastic demand.
They also extended their method to consider price-response demand but without con-
gestion externality. The partition of low, intermediate and high demand states in their
method, in fact, corresponds to the three domains in Proposition 5.5.1 with a given and
fixed capacity level y; > 0. Nevertheless, their method depends on the joint distribution
of the critical profit levels corresponding to the critical demand states,  (y;) and @ (i),
which is hard to determine. Under our assumption that the benefit function is strictly
increasing in the uncertainty term 6, the partition of the three demand states is directly

determined by the method proposed in Lemma 5.5.1 and Proposition 5.5.1.

After establishing the optimal strategy in the second stage when capacity y; is given, the
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expected social welfare according to the prior knowledge on demand can be calculated as

E(W (y1,0) = Jo, (TS oy, 0) + (1 — N TR (ﬁ,yl,e))dF 0)
+ Jo, (78 (7.11,0))dF (9)
+ Jo, (78 (5.11,0))dF (9)
—(A=1) (r+1) kyiPr{©:1} — kyr,

(5.52)

where ©; = (0,0 (y1)) O, Oz = [0(x1).0 (y)] N O, and O3 = (0 (1), +00) (O. The

optimal capacity is selected to maximize the expected social welfare, namely,

Y max =
arg maxy, >0 {E (W (y1,6))}. Note that, because E (W (yr,6)) is not concave in y; for many
distributions, there is no simple condition available to determine the optimal capacity

analytically. However, for any given cumulative distribution function of the uncertain

term, 6, various numerical approaches can be used to determine the optimal capacity.

5.6 BOT Problem with Partial Flexibility

In this section, we go further to consider the BOT problem with partial flexibility, or
the problem (5.19)-(5.20). We first investigate the condition for the existence of Pareto-

improvement for any given original contract (TI, p1, P, yI) with a realization 6.

If the original toll py is less than p, namely, p; < p = B(q,0) — Bt (G/y1), then both unit-
time social surplus, S, and unit-time revenue R, can be strictly improved by increasing
pr. In this case, the original toll is set too low at capacity yi, a proper increase in toll will

lead to a Pareto-improvement in social welfare and profit.

If the original toll p; is set too high such that p; > p = B(q,0) — 5t(G/y1), then, the
realized demand is lower than ¢, similar to the proof of Proposition 5.4.1, we know that,
(0CS/0q)/(OR/0q) strictly decreases in g for given y; and 6, and thus (0CS/0q)/(0R/dq) <
—A. This implies that the positive gain of the consumer surplus is larger than (A — 1) AR

the additional social cost associated with the substitution of revenue AR with a subsidy.
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Therefore, it is beneficial for the public sector to substitute the revenue with an equivalent

amount of subsidy. In this case, a Pareto-improving toll adjustment thus exists.

Finally, it is clear to see that when the original toll p; is in the range of p < p; < p, then

there is no Pareto-improving toll adjustment.

To facilitate our discussion, we now partition the state-space as © = ©,J O, |J O3] Oy,

where

O (pr,y) ={0€O:¢<q}, O (pr,y1) ={0 €0 :q<q<q},
O3 (pr,y1) ={0€O©:4<q<q}, O4(pr,y1) ={0 €©:q>q}.

(5.53)

The four domains represent four possible outcomes. Domain ©; and ©, represent the
situation that the original toll is set too high such that the realized demand is lower than
the demand level with subsidy, ¢. In domain Oy, the toll is too low and increasing the
current toll charge to the first-best toll level is a Pareto-improving adjustment, because
the profit of the private sector is also enhanced. However, in domain O3, it is impossible
to enhance both parties’ interests by adjusting toll. According to the assumption that
B (g, 0) is strictly increasing in 0, it is clear to see that, for any y; and py, all four demand
quantities, ¢, ¢, ¢ and ¢, increase with # and they satisfy ¢ > ¢ > ¢ for any state 6.
Therefore, domains 04, ©,, ©3 and O, partition the state space sequentially from low to
high demand level. Note that, depending on the original contract, one or more domains
may be empty in the sense of zero probability of occurrence or some outcomes may not
happen in practice. Furthermore, from the analysis in Section 4.3, ¢ approaches ¢ as
MCPF, X decreases. In particular, domain ©3 degenerates to an empty set for A = 1.0,
which implies that the public sector tends to implement the first-best contract if there is
no additional cost of using public funds for subsidy. Finally for given original capacity,
y1, and toll, py, all four demand quantities, ¢, ¢, ¢ and ¢, are determined uniquely by
parameter 6 from (5.40), (5.38), (5.41) and (5.2). As a result, it is easy to sort out the

four domains, O, ©,, O3 and O,.

We now discuss how to ex post adjust the toll level based on the occurrence of demand

AR\ Zyl_ﬂbl -
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state. When 6 € ©; or py is larger than , we prove that the unique Pareto-improvement
(pu, PY) with pyy = pand P = Tq (R (p, y1,0) — R (p, 1, 0)) is the optimal solution of the
problem (5.14)-(5.15) with preference (5.18). Namely, (py, P ) is the adjusted contract
adopted by both parties according to Rules (a) and (b) for the following reasons. Firstly,
any feasible solution (pﬂ, PISI) with pi; € (P, p1] and PS > 0 must be dominated by (ﬁ, PISI)
since decreasing the toll improves the profit and the social welfare, simultaneously because
the ex ante toll level is larger than the monopoly toll level. Furthermore, according to the

proof of Proposition 5.4.1, at g, inequality (5.37) is satisfied since CS,/R,| —00,

a=qy=yr
and thus, (ﬁ, PISI) is dominated by (ﬁ, PS+ PISI*). From preference relation (5.18), we know
that (p, P+ PS) < (p, PY). Secondly, for any pair (pu, Pj) with piy < p and P§ > 0,
again, from preference relation (5.18), (pu, P) < (5, P) < (9. ). Intuitively, based
on Rule (a) proposed in Section 6.4.2, the private sector is allowed to adopt a Pareto-
improvement adjustment and, as a result, sets the monopoly toll p; then, the public
sector enhances the social welfare by reducing the monopoly toll p to p and compensating

the private sector with corresponding subsidy P . Therefore, (ﬁ, Pﬁ*) is the adjusted

contract adopted by both parties according to Rules (a) and (b).

Similarly, (p, ), with P} = Tj (R (p1,y1,0) — R (p,y1,6)), and (p,0) dominate all other
feasible solutions of problem (5.14)-(5.15) with preference (5.18) when 6 € ©5 or 6 € Oy,
respectively. However, when 6 € ©3 or p < p; < p, the private sector can not increase
his/her profit without reducing the social welfare, and the public sector can not enhance
the social welfare either by a subsidy schedule. In this case, neither wants to change the

original BOT contract. We summarize the above analysis into the following proposition.

Proposition 5.6.1. Given the original BOT contract (TI, pr, PP, y[) and a realization 0,
(pj, Pf) is the optimal solution of problem (5.14)-(5.15) with preference (5.18), where

]57T1(R(pay179) _R(ﬁ7yla9))) 06 61

(
(v PE) — 4 Eﬁ7 Ti (R (pr,yr,0) — R(p,yr,0))) 0 € O (5.54)
(

p1, 0) 0 € O,
D, 0) 0 e,
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and ©;, 1 € {1,2,3,4} are defined by Eq. (5.53).

Proposition 5.6.1 states the preferred Pareto-improvement within each of the four domains
adopted by both parties according to the predefined Rules (a) and (b). In domain Oy,
the realized demand is too low, and the original toll is set even higher than the monopoly
price. According to Rule (a), the private sector can adjust the initial toll to the monopoly
price, which is Pareto-improving since the adjustment enhances the social welfare as well.
Obviously, according to Rule (b), the public sector can still improve the social welfare
by reducing the toll charge but compensating the private sector up to the level of the
potential monopoly profit. In domain ©,, there is no Pareto-improving adjustment for
the private sector to increase its profit, while the public sector can improve the social
welfare by reducing the toll charge and compensating the private sector the loss from the
current profit. In domain ©y, the realized demand is very high, according to Rule (a),
the private sector can increase the toll to the first-best level, which improves both profit
and social welfare. However, the private sector is not allowed to further increase toll from
the first-best level according to the Rule (a) by which the original toll should be altered
as little as possible. In domain O3, it is impossible to enhance both parties’ interests by

adjusting tolls.

We now move on to investigate the optimality of the original BOT contract, (TI, 1, PP, yI) .
First, the duration of the concession period is a key variable. Note that, after the con-
cession period, the public sector can set a first-best toll and achieve the maximal social
welfare at any demand state. This means that the shorter the concession period, the more
room for social welfare maximization during the post-concession period. However, given
the MARR constraint, a longer duration of the concession period would allow the public
sector to set a low original toll and to achieve more benefit by ex post adjusting the toll.
The following result shows the optimal strategy of the public sector to select the duration

of the concession period.

Proposition 5.6.2. At the optimum of the BOT problem with partial flexibility, the

concessiton period must be set to be the lifetime of the road if the toll is the only flexible
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mstrument.

Proof. Suppose (TI, 1, PP, yI) is the optimal original contract in the first stage. If 71 < T,
extending the duration of concession period by AT, notably, there exists, p with p < p,
such that (71 + AT)E (R (p,y1,0)) = (1 + r)ky. Since p < p1, we know that for any
state 0, q(0) > q1(0), where ¢ (6) and ¢ (0) are the demands corresponding to p and
p1, respectively. Therefore, ¢ (#) can be denoted as a convex combination of ¢ (#) and
G (0), G(0) is the first-best demand at state 0, or ¢ (0) = «(0)q(0) + (1 —« (0)) ¢ (0),
a(6) € (0,1). Note that, the lower the original toll, the more the benefit obtained by the
public sector in the second stage. Since both unit-time social surplus, S, and revenue, R,

are strictly concave in demand ¢, for each demand state, 6, we have

(Ti + AT)E(S (9,31, 60)) + (T — Ty = AT) B (S (5,1,6)

= (Ty+ AT)E(S(q(6),1,0) + (T~ Ti - AT) E(S (4 (6) ,11,))

> (Ti+ AT)E((1—a (0)S (ar (6), 11,0) + (0) S ((0) ,11,0))
+(T— T AT) E(S((0) 1, 0))

— TE(S (@ (0) . 1,0) + (T~ 1) B(S((6), 1, 6))
+E ((Tia (6) = AT (1= a(6)) (S (@ (6) .y1,9) — S (a1 (6) . y1.6))) .

(5.55)

and

(Ti + AT)E (R (p, y1,0)) = (I1 + AT) E (R (p, y1,0))
> (Gi+AT)E((1—a(0)) S (a(0),y1,0) +a(0) S(q(0),y1,0))
= TE(R(q(0),y1,0)) + ATE (R (g1 (0) , 41,0))

—E((Ti + AT) a (0) (R (a1 (0) ,y1,0) — R(G(0) ,y1,0))) -

(5.56)

If the following condition is true,

(@ (6).90.60) — R(@(0).y.0)) AT
E(“w) ER (@ ©),m0) ><TI+AT

@
S(GO),y,0) =S (q(0),y0)
<E<a(9) @0),u1,0) = s<q1<e>,y1,e>>>'

(5.57)

E(S
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or, equivalently,

oo (S-9)E(R-R)- E(]Zg_ég)EE(i )— $)+(5-9)E(R) -

then, there exist p and AT such that inequalities (5.55) and (5.56) are satisfied simulta-
neously, which contradicts the optimality of (TI, p1, PP, yI). It should be pointed out that
inequalities (5.55) and (5.56) exclude term PP, because PP is constant after selection of
the contract (TI, p1, P5, yI) and our proof here aims to construct a contradiction whenever
Ti<T. In fact, it is clear that, when p = py, o () = 0 for any 6; when p approaches zero,
a (#) — 1 for any 6 and inequality (5.58) is satisfied. Since we can continuously decrease
p, there must exist p satisfying inequalities (5.58). Furthermore, since AT /(11 + AT) — 0
with AT — 0, we can choose AT such that the increase in the subsidy size, caused by
the extension of the concession length in the second stage, is small enough in the sense
of expectation. We can do this because the selection of p depends on the concavities of
the unit-time social surplus and revenue functions, while the extension of the concession
length can be freely chosen whenever a space caused by the adjustment of toll occurs.

The proof is completed. O

Proposition 5.6.2 shows an ideal result that the public sector can freely select the duration
of the concession period without considering the discount rate or the minimum attractive
rate of return. Generally, if the concession period is set too long, the potential profits
beyond that period must be so heavily discounted to the present value that they are be-
come negligible. Therefore, there would be a tradeoff when selecting the ex ante selection

of the concession length and would not be set to be truly equal to the whole lifetime.

Based on Proposition 5.6.2 and the adjustment method, for any original contract (T, 1, PP, yl) ,

the expected maximum social welfare can be expressed as:

b (W (T’pI7PIS7yIa‘9))
- f®1 Ue2UesUes W (Typl, PIS,yI, 9) dF (0)

(5.59)
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Note that p, p and p are functions of y; and @, with ©;, ¢« =1,2,3.4, are functions of y; and
pr. Suppose E (W (T, 1, PS «9)) is differentiable in p. A revised version of condition
of the deterministic case, Eq. (5.38), for adopting a positive subsidy at optimum capacity
is
| S oumd)+ 0= DB, 6D dF 6) 3 [ Ry (on..0)aF 6)
O3

o (5.60)
+/® R, (p1,y1,0) dF (9)+()\—1)/6 R, (p1,y1,0) dF (6) = 0.

For the case with perfect information, at the optimum, the ex post adjustment is not
needed. As a result, Pr(©3) = Pr{p(y1)} = 1, and condition (5.60) is equivalent to

(5.38) with perfect information.

In addition, according to condition (5.60), we can further determine the optimal toll,
p1, and the subsidy size, P, for given capacity y. Denote the original toll given by
Eq. (5.60) as po for given capacity y;, and the corresponding expected unit-time toll
revenue as Ry, Ro=E (R (po,y1,0)). If TRy < (1+7)ky, then the size of the ex ante
subsidy is P® = (1 +7) ky; — TRy; Otherwise, the subsidy is not really needed for the
original contract and condition (5.60) becomes invalid. In this case, the lower the original
toll, the more the benefit to the society. Thereby, the optimal toll for given capacity is
pr = arg min {p . TE (R (p,y1,0)) = (1+7r) kyl}. In summary, the optimal original toll

and subsidy size can be viewed as a function of capacity y; and expressed as:

Po TRO < (1 —+ )\) k}yl
pI = . . (561)
arg min {p . TE(R(p,y1,0)) = (1 +7) k;yl} TRy > (1+ \) ky;
and
1+ ky— TRy TRy< (1+\k
PIS _ ( ) U1 0 0 ( ) Y (562)

0 TRy > (1+A) Eyr

where pg is given by condition (5.60). The expected total social welfare depends solely

on the choice of capacity y;. Various numerical methods can be used to determine the
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optimal capacity level,

Y e = Argmax {E (W (T,pl, P53y, 9))} , (5.63)

y1>0

where p; and PP are given by Eqs. (5.61)-(5.62).

5.7 Numerical Examples

Simple examples are presented in this section to elaborate the results obtained so far.
The negative exponential demand function, ¢ = 6 exp (—bu), is adopted, where ¢ is the
uncertain demand; g is the full trip price (including toll and equivalent money of travel
time); b is a scaling parameter with a value of b = 0.04, reflecting the sensitivity of demand
to the full trip price; 6 is the random potential demand following a known continuous
distribution with a support © = (0, 4+00) and can be observed after the highway is built.
It is assumed that § = 10*z (veh/hr), where x is a random variable following a Weibull
distribution. The following Bureau of Public Roads (BPR)-type link travel time function,
t(q,y) = to <1.0 + 0.15(%)4>, is adopted, where the free-flow travel time for the new
highway is ¢y = 0.5(h). The construction cost functions is I (y) = ky with k = 1.2x 10°x ¢,
(HK$/h). The marginal cost of public funds is assumed to be A = 1.05. These values are
selected for illustrative purpose without necessarily representing realistically reasonable

values.

For the benchmark case in the absence of demand uncertainty, Pr {9 = 104} =1, we have
ro = 18.8% by direct calibration. If the MARR is less than 18.8%, then the subsidy is
not needed at an optimal BOT contract; otherwise, adopting a combination of the toll
revenues and subsidies will be better than using the toll revenue alone in the sense of
maximizing social welfare. As depicted in Figure 5.1, Let the MARR r = 15%, then the
optimal capacity and toll are y* = 1357 (veh/h) and p* = 7.65 (HK$), respectively. For
the selected MARR, r = 15%, no subsidy is needed, namely, P5* = 0. We now go to

consider the BOT contract with full flexibility. For any ex ante determined capacity i,
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Figure 5.1: Welfare effects of Subsidy with various MARR (MCPF=1.05)
from definitions (5.42)-(5.43), by direct calculations, we have

a B yry
O = o (0B (t (%) + 7t (7))

and

0 (yr) = 2 yljy s 1))’
exp (b3 (t(H) +4t' (%) — (1 — 1))

where 4 and % are constants, respectively, given by

and
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Figure 5.2: Determination of low, intermediate and high demand states with full flexibility

Figure 5.2 shows determination of the low, intermediate and high demand states for
any given capacity y;. For the negative exponential demand function, the infimum and
supremum of the high and low demand states, & (y;) and @ (y;), are linear functions of
capacity. The partition presented in Lemma 5.5.1 is clearly depicted in Figure 5.2 when
the prior density function of 6 is known to both parties. For MCPF, A = 1.05, the gap
between 0 (y;) and @ (y;) is very small. To highlight the gap, a value of A = 1.5 is taken
in Figure 5.2.

To investigate the effects of the prior information on optimal capacity choices, we select the
random variable, z, following Weibull distributions with the same mean value of 1.0, but
various variances increasing from 0.02 to 0.32 with a step 0.03. Figure 5.3 shows the change
of the expected social welfare with the ex ante capacity choice for different variances. The
optimal capacity level under certainty increases from 1376 to 1448 (veh/h), higher than

the deterministic optimal capacity of 1357 (veh/h). The corresponding expected total
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Figure 5.3: Effects of information on optimal capacity choice and expected social welfare with full flexi-
bility

social welfare decreases from 3.145 x 10 to 2.753 x 10° (HK$). Clearly, the larger the
variability of the potential demand 6, the higher capacity the public sector to choose.

Also, the expected social welfare decreases with the variability of the potential demand.

For the BOT contract with partial flexibility, we first explain how to partition the demand
state space proposed in Proposition 5.6.1. Note that the original capacity y; and toll
pr together determine the partition (5.53). We only need calculate 6y, 0 and 65 from
y — 1 and p;, where 6; = ©1()Og, 6, = O5(1O3 and 03 = O3( Oy, since parameter
0 corresponds to the demand level (the larger the value 6, the higher the demand level
for any given toll charge). By direct calculation, we have 6y (pr,y1) = 0 if py < 1/b
and 01 (pr,y1) = yryexp (b(pr + Bt (%)) if pr > 1/b; if pr < (1 —1/X\)/b and 05 (p1,y1) =
yryexp (b(pr + Bt (7)) if pr > (1 —=1/A)/b; 05 (pr,y1) = yryexp (b(pr+ Bt (7)), where
the corresponding v/c ratio can be determined by 3t (¥) = pr — 1/b, At (§) = p1 —
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Figure 5.4: Partition of demand state space with partial flexibility (y; = 1357 veh/h)

(1—-1/X)/b and Bt () = p1. Figure 5.4 depicts the curves of 0y (pr,y1), 02 (pr, y1) and
05 (p1, y1), which depend only on the original toll p, since the original capacity level is
given and fixed at y; = 1357 (veh/h). Note that, to highlight the differences among
01 (p1,y1), 02 (pr,yr) and 63 (pr, y1), we take a value of A\ = 1.5. For any given original toll,
the unique partition of the demand state space can thus be determined. Figure 5.4 also
shows a partition of the state space with respect to the original toll p; = 12.4 (HK$). For
any given y;, we can solve for the corresponding toll, p , from the integral equation (5.60).
By combining conditions (5.61) and (5.62), the optimal original toll and the corresponding
subsidy size can be determined. Figure 5.5 shows a comparison of the outcomes (expected
social welfare and profit) with partial flexibility and without flexibility. In the calculation,
the random variable, z, is assumed to follow the Weibull distribution with a mean value
1.0 and a variance 0.02. The Pareto-improving adjustment of the toll does enhance both

parties’ interests than those without contract flexibility at any capacity level.
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5.8 Conclusions

To deal with traffic risk pertaining to highway franchising contracts involving concession
period, road capacity and toll level, this chapter investigated two types of flexible contracts
between the public and private sectors under demand uncertainty, by assuming that the
uncertain demand curve is ex post observed, and thus the contract variables are allowed

to be ex post adjusted according to certain ex ante agreed Rules

For the benchmark case with perfect information, we proved that the subsidy is not always
bad for the optimal capacity and toll (or demand) choices in the sense of maximizing social
welfare. The optimal subsidy size depends on the MARR on the investment of the private
sector. Under certain assumptions, a unique critical MARR is derived. At optimum, the
subsidy is not needed if the MARR does not exceed the critical value; otherwise, a positive

subsidy is desirable to increase the total weighted social welfare.

In the presence of demand uncertainty, the public sector guarantees the return rate of the
private sector and bears all the demand risk, and in return has full flexibility to determine
the optimal toll, the duration of the concession period, and the corresponding optimal
subsidy size after the demand curve is observed. For any predetermined capacity level,
the demand state space can be partitioned as high, intermediate and low domains. In the
high demand domain, the public sector should set a first-best toll, a proper duration of the
concession period and does not need to introduce subsidy; in the low demand domain, the
public sector should set a concession period of the road life and, the subsidy size is the gap
between the required profit and the total toll revenue, furthermore, at optimum, the ratio
of the marginal consumer surplus to the marginal revenue exactly equals the marginal
cost of public funds; in the intermediate demand domain, the public sector should set a
concession period equal to the road life and a toll such that the total toll revenue just

covers the investment cost plus the required profit of the private sector.

We also investigated the BOT problem with partial flexibility by assuming that the toll
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is the only flexible instrument. In this case, both parties share the demand risk. We
proposed a bi-objective programming model to select a Pareto-improvement for the ex
post contract adjustment from the Pareto-optimal solution set equipped with a rational
preference relation. Under the preference structure of the Pareto-improvement set, a
unique Pareto-improvement can be selected by the bi-objective programming model for
any given original contract. We also proved that, for the original contract, the concession

period should be set to equal the road life if the toll is the only flexible adjustment

instrument.
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_6_

OPTIMAL BOT CONTRACTS WITH ROAD DAMAGE
AND MAINTENANCE COST

In the analysis of highway franchising project, the operation and maintenance costs are
either neglected or assumed fixed over time in the previous chapters. This chapter models
the BOT problem as the isoperimetric problem in calculus of variations to maximize
the social welfare with a profit constraint. The model explicitly incorporates the effect
of road deterioration and maintenance over the years, which is assumed to depend on
the traffic loads, road capacity and road natural deterioration. We find that an optimal
pricing policy requires toll increase over calendar time to reduce traffic load due to time-
increasing and load-increasing maintenance cost. If, however, the marginal user damage
on road is independent of time, then the optimal toll charge is free from the effect of road
natural deterioration and thus time-invariant. We also discuss how to reach an optimal
contract through government regulations and investigate the effects of economic growth

on the solution properties of the problem.

6.1 Introduction

In the analysis of highway franchising project, the operation and maintenance costs are
either neglected or assumed fixed over time in the previous chapters and many other liter-
ature (Engel et al., 2001; Guo and Yang, 2010b; Nombela and de Rus, 2004). The mainte-

nance cost should not be ignored in a BOT contract. Figure. 6.1 shows a statistic analysis
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Figure 6.1: Annual maintenance expenditure of public roads in Hong Kong

of the road network maintenance costs in Hong Kong (http://www.budget.gov.hk). A sig-
nificant increasing ratio of the maintenance costs to the total highway budget is observed.
The technical report of the life-cycle cost analysis for the highway investment, published
by FHWA (2002), pointed out that the efficiency of rehabilitation will decrease, while the
social cost (user cost plus the agency cost) will increase because of the road deterioration.
Small et al. (1989) claimed that the road wear caused by heavy loads is exacerbated by
time and weather. Newbery (1988, 1989) studied road maintenance and damage using the
roughness model of Paterson (1987). De Palma et al. (2007a) investigated maintenance
and tolling decisions under the environment with two competing private roads. In their
model, the road quality was assumed to be sustained by maintenance intensity, thus the
cost of maintenance was determined by the road capacity and the maintenance intensity.
However, even if the traffic load is fixed; the road would always deteriorate with the effects
of time and weather (Paterson, 1987; Small et al., 1989). It is more practical to assume

that the yearly maintenance cost increases over the years due to road deterioration.

In line with the study of Guo and Yang (2010b), we consider all the key variables of
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concession period, road capacity and toll charge in forming a BOT contract for a con-
gestible highway with the road deterioration and maintenance effects. We assume that
the maintenance cost to sustain the road quality is a function of road capacity, traffic load
and time, and we can reasonably assume that the life time of the road can be determined
endogenously as the time when the net economic benefit becomes nil as maintenance cost
increases. Firstly, the unconstrained social-welfare maximizing and unconstrained profit
maximizing problems can be viewed as the functional extreme problems in calculus of
variations. The BOT contract is modeled as an isoperimetric problem to maximize the
social welfare within the concession period with a profit constraint. The Euler-Lagrange
equation is introduced to obtain the optimal toll policy, which can be expressed by a
differentiable equation. We go further to analyze the properties of the optimal dynamic
pricing policy under a steady economic environment in the sense that the travel demand
depends only on generalized travel cost, and then in a growing economic environment in
the sense that the travel demand can be viewed as a function of the generalized travel
cost and the calendar time. Two strategies are proposed for the government to obtain
the optimal BOT contract: full regulation and partial regulation. For the latter, with in-
creasing maintenance cost over time, the government may tend to set a concession period
longer than desired by the private firm, and set a time-varying traffic load such that the

traffic load is restricted to a level larger than desired by the private firm in any time.

The chapter is organized as follows: we begin with some basic assumptions and introduce
definition of road life and its property in the next section. In Sections 6.3 and 6.4 we
formulate the unconstrained social-welfare maximizing and profit maximizing problems,
respectively. The BOT problem is modeled and analyzed by applying the functional
extreme theory in Section 6.5, in which the regulation of the government is investigated.
Section 6.6 looks into the effects of the economic growth on the solution properties of the

problems proposed in earlier sections. Finally, Conclusions are given in Section 6.7.
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6.2 Basic Assumptions and Road Life

6.2.1 Basic assumptions

Assume that a single highway connecting two cities is to be built. The capacity of the new
road y > 0 would not be changed along the calendar time ¢ and its length is normalized
to 1. We consider a steady economic environment where the travel demand depends only
on the generalized travel cost (price elastic). For any time interval (¢, ¢ + dt) the following

demand-supply equilibrium condition is assumed to always hold:

B(q)=pt)+pC(t),y), (6.1)

where ¢ (t) is the equilibrium travel demand at time ¢; B () is the inverse demand function
(or the willing-to-pay function), and its shape and location will not change along ¢ (this
assumption will be relaxed by considering a growing economic environment or the inverse
demand function shift with time t); and C (¢ (t),y) is the travel time function whose
arguments include travel demand, ¢ (¢) and road capacity, y; p () is the toll charged on
each user of the road at time ¢ and § is the value-of-time (VOT) to convert time into
equivalent monetary cost (we consider homogeneous users only). Condition (6.1) means
that the equilibrium travel demand at each time interval (year or month) for the new road
is completely determined by the generalized travel cost. Let I (y) be the road construction

cost function. In this chapter, Assumption 3.1 is also made on functions B (q), I (y) and

C(q,y).

The consumer surplus, S, measured in monetary unit during the interval, (¢,¢ + dt), can

be expressed as

q(t)
S(q(t),y)dt = (/0 B (w)dw — Bq(t) C(q(t) ’y)> de. (6.2)
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Under Assumption 3.1, we can readily observe that S (¢, y) is strictly concave in ¢, namely,

5 (4,9) _ g (q) - 28%€ (4,v) _ﬁqa%’(q, y)

o7 9 o < 0. (6.3)

Correspondingly, the toll revenue, R, during the interval (¢,¢ 4 dt) can be calculated using

the following formulation by Eq. (6.1):

R(q(t),y)dt =p(t)q(t)dt = (q(t) B(q(t)) — Bq(t)C(q(t),y))dt. (6.4)

Assumption 6.1. For any given y > 0, the revenue function R (q,y) is a strictly concave

function of q for ¢ >0, i.e., *R/Iq* < 0

With part (¢) of Assumption 3.1, C'(q,y) is strictly increasing and convex and thus
qC (q,y) is strictly convex in ¢ for any given y > 0, which means that the term, —5¢C (¢, y)
of R(q,y) in (6.4) is strictly concave in ¢ for any given y > 0. Thus R (q,y) is strictly
concave if the first term ¢B (¢q) is concave in ¢. In other words, with Assumption 3.1, As-
sumption 6.1 holds if ¢B (¢) is concave. Indeed, in the literature it is common to assume

that ¢B (q) is concave. Thus Assumption 6.1 is not restrictive.

Like de Palma et al. (2007a), we assume that the road quality including various road
characteristics can be sustained by the maintenance activity. We further assume that the
maintenance cost, M, to sustain the initial road quality during the interval (¢,¢ + dt) is

a function of traffic load, ¢(t), capacity, y, and time, ¢. This function is expressed as:
Mdt = M (q(t),y,t)dt. (6.5)

The following assumption is needed on the maintenance function M (q,y,t).

Assumption 6.2. M (q,y,t) is strictly increasing in q, y and t, separately, and twice
differentiable with the properties: 0*M /0q*> > 0; 0*°M /dq0t > 0; for any ¢ > 0 and

y >0, limy oo M (q,y,t) = +00.

2M /0qdt > 0 mean that an aging road is more susceptible to
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the damage of traffic load and more expensive to maintain the same road quality.

6.2.2 Road life and its properties

Since the road wear caused by heavy loads is exacerbated by time and weather, or equiv-
alently, the maintenance cost increases with time and quickened dramatically by the
damage of users, it is reasonable to assume that the road life is limited. We define the
road life as the longest time during which operating the road can bring a positive so-
cial welfare gain. In other words, beyond the road life, operating the road would always
bring a negative social welfare gain no matter what number of users is using the road. A

rigorous mathematical definition is given below:

Definition 6.1. The road life, T, for a given road capacity, y, is given as:
T=max{T >0:S(q,y)> M (qy,T),3q>0}, (6.6)

where S (q,y) is the consumer surplus defined by Eq. (6.2).

Definition 6.1 implies that the road should be closed or rebuilt after T since social welfare
gain becomes negative for whatever positive traffic load. By Assumption 6.1, it is easy to
show that the road life T is uniquely determined in terms of road capacity only. By the
definition, it is always beneficial for the government to operate a road till the road life.

For given T, there is ¢ > 0 such that

S(@y) =M (35.7T). (6.7)

From the continuity of M (¢,v,-) and the definition of 7', we also have

Slq,y) <M (q,y,T) Vg > 0. (6.8)

The reason is that, if condition (6.8) is violated, then prolonging operating time still
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produces a positive social welfare gain, and thus T is not the road life for a given road
capacity y. Equations (6.7) and (6.8), in fact, reveal that ¢; maximizes function f (-) =

S(,y)—M (-, Y, T) and f (¢) = 0. We thus have the following property of the road life.

Lemma 6.2.1. For any given road capacity y and with Assumption 3.1, T is the road life

if and only if there is a unique positive traffic load ¢; at time T such that

sy MV (0 T) 9

and

S(ap,y) — M (quT) =0. (6.10)

The uniqueness of G in Lemma 6.2.1 steams from the fact that the function f(-) =
S(,y)—M (~,y,T ) is strictly concave. Hereinafter, T and g7 always denote the road

life and the corresponding traffic load, both are functions of road capacity y only.

6.3 The Unconstrained Social-Welfare Maximizing Problem

6.3.1 Problem formulation and optimality conditions

The unconstrained social welfare maximizing problem is to select the road capacity and
toll charge (and thereby the resulting traffic load) to maximize the total social welfare
throughout the road life. The total social welfare during the whole road life is the total
economic benefit minus the total maintenance cost and the initial construction cost. The

problem can be formulated as:

max  W(g().y) = / (S(a(t).y) — M(g(t), g ) e Ndi — I(y), (6.11)

y>0,4()€C?[0,1]
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where the first term in the integral is defined in Eq. (6.2); the traffic load, ¢ (-), is assumed
to be a twice differentiable function of time ¢; and A is an interest rate of reference time
used for discounting all future revenues and costs to their equivalent values at initial time

t=0.

Problem (6.11) is a functional extreme problem in terms of ¢(-) with a parameter y.
Supposing (¢* (+) , y*) is the optimal solution of problem (6.11). From the Euler-Lagrange

equation, we have:

S (q*((t),y")  OM(q"(t),y",t) =
5 _ 5 Vte [O,T] . (6.12)

Note that, different to Eq. (6.9) in Lemma 6.2.1, condition (6.12) reveals that each point
on the extreme curve ¢* (-) must maximize the function f () =S (-,y) — M (-, y,t). Thus,
the extreme curve ¢* (-) must satisfy the boundary condition ¢ (T) = (7, where the road
life T and traffic load §; are predetermined by Eqs. (6.9) and (6.10) at the corresponding
road capacity y*. The implicit function ¢* (-) defined by condition (6.12), together with
T and ¢y, completely determine the extreme curve ¢* (+) for given y*. Thus, we can view
the extreme curve ¢* as a function of time ¢ and road capacity y*. In addition, from the
definition of social welfare in (6.1) and the equilibrium condition (6.1), condition (6.12)
can be rewritten as:

oC (¢* (1), y")
dq dq

p(t) = Bq" (1) : (6.13)

which implies that the socially optimal toll must equal the sum of the congestion exter-
nality and the marginal maintenance cost in traffic load at any time ¢. This result is a
straightforward extension of the standard optimal pricing result with maintenance cost
in a static framework (e.g., Chu and Tsai, 2004; Newbery, 1988; Yang and Huang, 2005)

to the dynamic situation considered here.

It must be pointed out that the functional problem (6.11) with free horizon and free
endpoint values require f (¢* (t)) = S (¢* (t),y) — M (¢* (t) ,y,t) = 0 at time t = T. Thus,
Eq. (6.10) in Lemma 6.2.1, in fact, is the boundary condition of problem (6.11). To find
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y*, taking derivative of W with respect to y and setting the derivative equal to zero give

rise to:
0 — dW(q;?E'):y*) - (S (q* (T) ’y*> - M (q* (T) v, T)) 6_’\T‘é—§
g (aSq(; _ aM(q*a(?,y*,t)) o 00" Xt 4y (6.14)
BS 8 * , *’ _ *
g ( @O0 _ (qa(;)yt))extdt_f'(y).

From (6.10) and (6.12), condition (6.14) can be reduced to:

/0 (85 (q*ag) YY) oM (Q*a(;) ,y*ﬂf)) eMdt — I' (y*) = 0. (6.15)

Equations (6.12) and (6.15) are the optimality conditions for problem (6.11) with respect
to function ¢(-) and variable y. From Lemma 6.2.1 and condition (6.11), we have the

following proposition.

Proposition 6.3.1. The socially optimal traffic load, q*(t), is non-increasing and the

socially optimal toll charge, p* (t), is non-decreasing over calendar time t.

Proof. Consider Euler-Lagrange Eq. (6.12). From (6.3) and Assumption 6.2, we have
95 (q(t),y)/9q" = PM (q(t),y,1)/9q" < 0. (6.16)

From implicit function theorem, we conclude that ¢*(¢) is continuously differentiable.

Taking derivatives of both sides of Eq. (6.12) in ¢ yields:

PS (g (t),y*) Mg (t),y",t)\ dg* (t) M (q" (t),y", 1)
( I B g ) - dqot =0 (6.17)

From (6.16) and Assumption 6.2 again we thus have d¢* (¢)/dt < 0 for t € [0, T] Fur-

thermore, from equilibrium condition (6.1), it follows that

dp;t(t) _ B (g (1) dq;t(t) _ g% (q; ;t) Y) dq;t(t) >0. (6.18)
m
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Proposition 6.3.1 simply shows that, to maximize the total social welfare, the government
should set the toll charge to be continuously increasing over time to achieve a time-
decreasing traffic load, because of the time-increasing and load-increasing maintenance
cost. By Definition 6.1 and Lemma 6.2.1, ¢*(-) must satisfy the boundary condition

(6.10) at the social optimum capacity y = y*, this condition is explicitly denoted as:

7 (T) = Gz (6.19)

If we further assume that, for any given y, the maintenance cost M (q,y,t) can be repre-
sented as the sum of two separable terms, with one dependent on traffic load ¢ and the

other one on time ¢ (natural degradation):

M (q,y,t) = My (q,y) + M (y,t), (6.20)

then we have

PM (q* (t),y*,1)
0qot

=0, (6.21)

which means that the marginal user damage on road is time-independent. Substituting
(6.21) into (6.17), we obtain dg* (¢)/dt = 0. In view of the boundary condition (6.19), we

readily have:
¢ (1) = Gp. Vit € [O,T] , (6.22)

which, from (6.18), implies that the socially optimal toll charge is time-invariant. There-

fore, we have the following corollary.

Corollary 6.3.1. If the marginal user damage on road is independent of time, then the

socially optimum pricing policy will not change over calendar time.

From Egs. (6.12), (6.15) and boundary condition (6.19), we can numerically obtain the

solution of the social welfare maximizing problem (6.11). In this case both road life T
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from Eqs. (6.9) and (6.10) for any given y.

6.3.2 The self-financing theorem

It is assumed that the link travel time function, C (¢, y) is homogeneous of degree zero in

both traffic flow ¢ and road capacity y

C(ag,ay) =C(q,y), Va >0, (6.23)

and there are constant returns to scale in road construction

I (ay) =al(y). (6.24)

In addition, we assume that the maintenance cost function, M (q,y,t) is homogeneous of

degree one with respect to demand ¢ and capacity y for any given time t > 0

M (aq,ay,t) = aM (q,y,t), Ya > 0. (6.25)

From Euler equation, we can obtain the following two conditions:

aC (q, aC (q,
. (qy)+y (¢, )

% 5 (6.26)

and

OM (q.y.t) M (q,y,t
. (qy)+y (q,y.1)

In addition, from Eqs. (6.2) and (6.12), for any time ¢t € [0, T] we also have:

P = B(q" (1)~ BO (" (1) y") — Ba” (1) 225020

dq
_ OM(g(t).y".t)
dq :
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Thus, at time ¢, the toll revenue can be expressed as:

Rq(t),y*) =p"({t)q (1) (6.29)
= ¢ (t) (5(]* (t) 200 | aM(q’;(;),y*,t)) .
Substituting (6.26) and (6.27) into (6.29), we obtain,
R(q" (1),y%) = —By" (g (1) 220500 — oM (0070)
+M(q" (1), y",t) (6.30)
— (8S(q*a$)’y*) _ aM(q;(;m*,t)) + M (" (t),y*, 1),

where we have used the relation, —f¢* (t) 9C (¢* (t) ,y*)/0y = 0S (¢* (t) , y*) /Oy, which is
obtained by taking the derivative of S (¢ (¢),y) in (6.2) with respect to y. Furthermore,
substituting (6.30) into (6.29) and in view of Assumption (6.24), we readily obtain:

/0 (R(¢" (1), 5") — M (q" (£) 5" D)) e Mdt = g I (y*) = T (4") (6.31)

Equation (6.31) means that the revenue generated from optimum road user charge just
covers the road construction and maintenance cost. Namely, the classical self-financing
rule still holds in a dynamic environment under the common assumptions about invest-

ment cost and link travel time functions. We have the following self-financing rule.

Proposition 6.3.2. Supposing that assumptions (6.23)-(6.25) are satisfied in the sense
that the road construction exhibits constant returns to scale and the link travel time and
maintenance cost functions are homogeneous of degree zero and one in traffic load and
road capacity, respectively, then the revenue from socially optimal pricing on a road during

its whole life just covers the capital cost for constructing and maintaining the road.

Note that Arnott and Kraus (1998a) already showed that self-financing results for con-
gestible facilities do extend to inter-temporal economic environments; in their extension,
maintenance cost was assumed to be the function of time. In contrast, the above self-
financing result is established under the assumption that the maintenance cost is a func-

tion of both time and traffic load. The self-financing results hold under assumptions
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(6.23)-(6.25). In the case with increasing (resp., decreasing) returns to scale in road

construction and road maintenance, namely,

I (ay) < (resp. >)ad (y),Va > 1,y >0 (6.32)
and

M (aq,ay,t) < (resp. >)aM (q,y,t),Ya > 1,q,y,t > 0. (6.33)

It can be easily observed from (6.28)-(6.31) that the revenue will fail to cover all the capital
costs and thus the road will have to be subsidized for efficient operation (respectively, with
decreasing returns to scale, the revenue will exceed the total capital cost and the road
will earn a surplus). If, however, road construction and maintenance exhibit opposite
returns to scales, the results become indeterminate. In reality, the full costs of highway
transportation consist of various components (Levinson and Gillen, 1998). Conditions
(6.24) and (6.25) are, generally, not satisfied. As the model proposed by Li and Madanat
(2002), viewing the maintenance cost as the increasing function of roughness, which is
the function of traffic load, capacity and calendar time (formula 4 in Newbery, 1989) and
roughness is assumed to be uniformly distributed along the width of the road), then it is
easy to see there is an decreasing return to scale in road maintenance. The revenue will
exceed the total capital cost whenever there is a non-increasing return to scale in road

construction.

6.4 The Unconstrained Profit Maximizing Problem

The unconstrained profit maximizing problem considered here is (for the private firm) to
choose road capacity vy, toll charge, p (t) and a concession period T" to maximize the total

profit throughout the concession period, which is given by the total toll revenue minus
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total maintenance and construction costs.

max P (C] () 7y7T) =

y>0,1>0,q(-)€C2[0,T]

T (6.34)
/0 (R(q(t)y) — M(q(t).y.0) e Mdt — I (y),

where the first term in the integral is defined in (6.4). Note that traffic load ¢ (+) is taken
to be decision function in (6.34) in replace of toll function p (¢), and assumed to be twice
differentiable in t. Along the same line of examination of the social-welfare maximizing
problem, we have the following proposition for the unconstrained profit maximization

problem.

Proposition 6.4.1. Suppose (cj () ,Q,T) is the optimal solution of the unconstrained
profit maximizing problem (6.34), and let 47 = § (T) represents the traffic load solution
at time t = T, then ¢ (t) is a non-increasing function over calendar time with boundary

condition:
R(a7.9) = M (479, T) =0, (6.35)
the corresponding toll charge p (t) is non-decreasing over calendar time.

Proof. The proof is similar to that for Proposition 6.3.1 and outlined here. First, the

optimality conditions for (6.34) are:

OR(q(t),g) OM(G(t),9.1)
dq dq

—0,Vt e [O,T] (6.36)

and

Taking derivatives of both sides of Eq. (6.36) with respect to time ¢ yields

) 92M(4(1).4.)
dq (t) Dot
W~ PRana) _ onanas =V (6.38)
g2 9q?
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In the same vein as Lemma 6.2.1 for social welfare maximization, we have the boundary
condition (6.35), stating that the profit must be nil or revenue exactly equals maintenance
cost at the end of concession period ¢ = T'. Finally, like (6.18) we have dp (¢)/dt < 0 for
te o] 0

Similarly, if the maintenance cost is separable as given in (6.20), then ¢ (-) is a constant

and ¢ (t) = G; and p () = constant, V¢ € [0, 7.

6.5 The Profit-Constraint BOT Problem

The BOT problem considered here is a little different from that examined by Guo and
Yang (2010b), in which the private firm builds and operates the road for a number of
years and then the toll road is transferred to and operated by the government during
the post-concession period. Here we define our BOT problem as choosing a combination
of concession period, road capacity and toll charge to maximize the total social welfare
subject to a required level of profit to the private firm during the concession period. Its
rationality and connection with the model in Guo and Yang (2010b) will be made clear

later by exploring its solution properties.

6.5.1 Problem formulation

The BOT problem is to select the concession period, road capacity and toll charge jointly
to maximize the total social welfare subject to a required level of profit to the private firm

during the whole concession period, and can be formulated below:

max W (q(-),y,T) (6.39)
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subject to

P (q () 7y7T) > ]5 (640)
q(t) >0, ¢(-) € C*[0,T] (6.41)
y>0,T>0 (6.42)

where the total social welfare W and the total profit P are defined by Egs. (6.11) and
(6.34), respectively; P > 0 is the minimum profit margin acceptable to the private firm;
the traffic load function ¢ (-) is limited in C?[0,T], or twice differentiable functions in
[0,7]. Let P (q* (+) ,y*,T) be the realized profit for the unconstrained social-welfare
maximizing problem in Section 6.3 and define P = max {O, P (q* ),y T) }, also let P
be the realized profit for the unconstrained profit maximizing problem in Section 6.4, it is
assumed that P > 0 (otherwise, private provision of the road becomes infeasible). Clearly,
for any level of profit P with P < P < P, existence of a feasible solution to the BOT
problem (6.39)-(6.42) is ensured. If P (q* () ,y*,T) > 0 and P is set to be 0 < P < P,
then the BOT problem (6.39)-(6.42) and the unconstrained social-welfare maximizing
problem (6.11) have identical solution, and as a result, a first-best contract (Guo and
Yang, 2010b) can be reached. If P < P < P, then constraint (6.40) becomes binding
and the solution of the BOT problem (6.39)-(6.42) differs from the unconstrained social-
welfare maximizing (first-best) solution, as a result, the optimal contract from (6.39)-
(6.42) becomes the second-best (Guo and Yang, 2010b). Evidently, the BOT problem
(6.39)-(6.42) is infeasible for P > P.

6.5.2 Solution Properties under Binding Profit Constraint

Here we look into the properties of the second-best BOT solution with P < P< P, as is
the most case in practice. Let (¢™* (-),y*,T**) be a second-best solution, then we have
P(qg™ (), y™,T%) = P by definition. With given optimal concession period T** and road

capacity y**, traffic load ¢™* () must be a solution of the following functional extreme with
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iso-perimetric constraint (van Brunt, 2004):

max.J (g (1)) = / (S(q(t), ™) — M (q(t) g™ 1)) e Ndt — I (4) (6.43)
subject to
/0 (R(q(8),y™) — M (q(t), 5™, 1)) e Ndt = I (y*) + P, (6.44)

where ¢ (-) is twice differentiable with variable endpoints. Let

F=S(q®),y)—M(q@),y™"t) —pn(R(q(t),y™) = M(q ),y 1), (6.45)

where 1 is the Lagrange multiplier associated with (6.44). By Euler-Lagrange equation,

¢** (+) must satisfy the following condition:

0=2F — 98(¢™ (t),y™) _ OM(g™*(),y™".t)
— 9q dq dq (6 46)
_ ., [ OR(@®),y*) _ OM(q™*(t),y**t) ’
H dq dq :

Since the extremum of J (q) at ¢** depends on T**, ™ and P, the Lagrange multiplier
depends on those parameters as well. With given 7T** and y**, we can regard J as a

function of parameter P only. From conditions (6.44) and (6.46), we can obtain

dJ ™ d I(y™)+P
- = — | Fe ™M+ p———— | dt = p 6.47
15 /0 Nz ( P f (6.47)

Thus the Lagrange multiplier corresponds to the rate of change of total social welfare
with respect to the profit for given 7** and y**. Since increasing the profit level P

would decrease the optimal social welfare gain J (¢** (+)), we must have p < 0. With this

observation, we can readily establish the following property.

Property 6.5.1. Suppose(q¢** (+),y**, T**) is a second-best contract of the BOT problem
(6.39)-(6.42), then ¢** (t) is non-increasing and p** (t) is non-decreasing over time t.

Proof. Taking derivations of both sides of Eq. (6.46) in time ¢ and in view of Eq. (6.3)
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and Assumptions 6.1 and 6.2, we can also get

o _ M
do (1) _ U= 1) o <0 (6.48)
dt 228 9°M (82}-?, - 82M) - ’
an an 8q2 an (q**(t),y**,t)

From equilibrium condition (6.1), the corresponding derivative of toll charge p** (¢) is

obtained:
=B (¢ () — ’ > 0. 4
B (5 - 2 g (6.49)
The proof is completed. O

It is notable again that, if the marginal user damage on road is independent of time ¢ or

Eq. (6.21) holds, then, ¢** and p** become constant.

Property 6.5.2. For a second-best BOT contract (¢** (-),y*™*, T**),
- (1) < 47 () < g (), VE € 0,77, (6:50)

where gy () and G (-) are the social-welfare and profit mazimizing traffic loads, respec-

tively at given capacity y = y**.

Proof. It is easy to see that gj.. (t) and g, () maximize S (q,y™) — M (¢,y™,t) and
R(q,y™) — M (q,y**, 1), respectively, or they satisfy conditions (6.12) and (6.36), respec-
tively, for y = y**. From definitions (6.2) and (6.4),

q(t)
SM@&W—RM@%¢W=A B(w)dw —q(t) B(q(1)). (6.51)

For any 0 < g < §,++(t), we thus have

0S(qy™™) _ OM(qy**t) _  OR(q.y™)
% % % (6.52)
OM , **7
— Ml 1 (—gB' (9)) > 0,

where we have used 0 (R — M)/0q > 0 for 0 < ¢ < G+~ (t), because R — M is strictly
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concave in ¢ and has a maximum at ¢ = §,++(t). Since S — M is strictly concave in ¢ as

well and has a maximum at ¢ = g;.. (t), we must have
Qyes (t) > Gyes (1), VL €10, T™]. (6.53)

From the above discussions, we see that R—M and S—M are increasing for 0 < ¢ < g, (t)
and decreasing for ¢ > ¢;.. () and thus conclude that Property 6.5.2 is true. Otherwise, we
can always modify ¢** () to improve both objectives, which conflicts with the optimality

Property 6.5.2 tells us that the traffic load under a second-best con-tract is between the

socially desirable demand and the demand preferred by the private firm.
Property 6.5.3. For a second-best BOT contract (¢** () ,y**, T**), profit is always neg-

atwe for any toll policy and anytime after the concession period T :

R(q,y™) — M (q,y™,t) <0, Vg >0, Vvt >T". (6.54)

Proof. Suppose there exist go > 0 and ¢ty > T** that deviate condition (6.54), namely,
R (qo,y**) — M (qo,y™,to) > 0, because M (q,y,t) is monotonically increasing in ¢, we

have
R(q()?y**) -M (qu y**a t) > 07 Vt € (T**a t()) : (655)

Without difficulty, we can extend the solution function ¢** (-) smoothly (a polynomials of

degree 3 is enough) from T** to ty such that ¢** () = ¢o and

[ @) - M 0.0 e o (6.56)

EES

In view of (6.51), we further obtain

[ s @0 - 2 0.0 0 Nat > o (6.57)

ok
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Equations (6.56) and (6.57) contradict the optimality of (¢** (-),y**,T**). Therefore,
condition (6.54) is true. O

Property 6.5.3 implies that operating the road will always yield negative profit after
concession period 7™ under a second-best contract. This in turn implies that the profit
earned by the private firm can never be positive at the end of concession period ¢ = T™*
due to road deterioration. To avoid the risk of subsidizing a deteriorated road by the

government, it might be preferable to rebuild the road for a new lifecycle.

Finally we note that, if the maintenance cost is neglected in the BOT problem (6.39)-(6.42)
and the road life is assumed to be given (finite or infinite), then the optimal concession
period must be the road life since we can always improve the social welfare and the profit
via prolonging the concession period for any given ¢ and y. In this environment, the
BOT problem (6.39)-(6.42) and the static model proposed by Guo and Yang (2010b)
have identical solution, or the dynamic model reduces to the static one in Guo and Yang

(2010Db).

6.5.3 Governmental Regulation for Optimal BOT Contract

We look into how to reach an optimal BOT contract through a bilateral negotiation
between the government and the private firm. We treat the bilateral negotiation as a
sequential game in which the government is the regulator or leader and the private firm
is the follower. The government first sets (or imposes restrictions on) the values of the
regulatory variables, while taking account of the responses of the private firm, then the
private firm freely chooses the values of the rest of decision variables. We first consider
full regulation in which all variables are regulated by the government. For given road
capacity and concession period T**, from relation (6.50) the second-best toll p™ (¢) must

satisty

Pyer (1) > p*™* (£) > pio. (), ¥t € [0, 7], (6.58)

ol Lel Zyl_i.lb :
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where py- (t) and pj.. () are the socially optimal and profit-maximizing toll at time ¢ for
given y = y**. In fact, p** () can be adopted as the dynamic price cap once y** and T**

are determined. Namely, the private firm must choose p (t) = p™ (¢) at time ¢ to maximize

its profit if just allowed to set toll charge under the following restriction:

p(t) > p™ (1), Vit € [0,T]. (6.59)

We now move to consider the more realistic partial regulation. The following proposition

is first given.

Proposition 6.5.1. The social welfare, W (¢** (), y*™*, T**) at either first-best or second-
best optimal contract (¢** (-),y™, T**), can be realized whenever the government restricts

the concession period T > T** and traffic load q (t) > ¢ (t) for t € [0,T].

Proof. Suppose the private firm chooses a more profitable deviation (¢ (-),y,T) with
q(t) > q™=(t), Vvt € [0,T] and T > T**. In this case, the social welfare can be expressed

as:

T prq(t)
W(g().0.T) = P(g().u.T) + / / (B(w) — B(q(t) w)e Ndwdt.  (6.60)

Note that the function [ (B (w) — B (¢) w) dw is strictly increasing with ¢. Thus, ¢ (t) >
¢* (t), Yt € [0,T] and T > T** gives rise to

S [99(B (w) — B (q () w) e Mdwdt 6.61)
> foT** J (B (w) = B (g™ (1) w) e dwlt,
By assumption, (¢ (+),y,T) is more profitable:
Pq(),y.T) = P(¢™ (), 4", T"). (6.62)
Adding both sides of (6.61) and (6.62) yields:
W(q(-),y, T)>W (g™ (-), g, T*). (6.63)
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The optimality of (¢** (+),y*™*, T**) implies that:
Wig(),y,T)=WI(g" (), y™,T). (6.64)

Therefore, the optimal social welfare is achieved under the restrictions of concession pe-

riod, T > T**, and traffic load ¢ (t) > ¢** (¢), t € [0, 7). O

A major difference from the results of Guo and Yang (2010b) is that the private firm
would prefer a limited concession period and leave a deteriorated road to the government

once receiving a satisfactory profit return whenever maintenance cost comes into effect.

6.6 Effect of a Growing Economy

The demand for transport is a derived demand, which depends on various factors in-
cluding income level, cost structure of all travel modes and other socioeconomic factors.
The analysis so far pertains to a certain time frame within which the various factors
determining the shape and positions of the demand curve can not change. However, a
BOT scheme would normally run for few decades, over such a long time period travel
demand will certainly shift. In this section, we ex-tend our model by considering the
situation with a continually changing economy, in a similar spirit of the dynamic pricing
policies applied successfully in the air-line industry (Talluri and van Ryzin, 2004). Let
B = B(q,t) denote the inverse demand or benefit function. We consider the case where
the demand curve shifts upwards over time in a growing economy or B (g, t) is increasing
in ¢t (0B/0t > 0) for any given g > 0. Also, we assume that there is a steady growth of
economy with a declining growth rate. Namely, for ¢ > 0, B (g, t) is upper bounded with
9?B/0t* < 0. Together with Assumption 3.1 and Assumptions 6.1-6.2, we can obtain the
corresponding optimality conditions under the inter-temporal economies by following the
line of earlier discussions. However, the monotonicity of the corresponding optimal traffic
load functions would become undetermined. The important parallel conclusions are listed

below.wi ious-mathematical formulations:

Ol LAC U Zyl_ﬂbl
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(1) Along the unconstrained social-welfare maximizing traffic load path, the optimal traffic
load would be non-increasing (non-decreasing) over time if the marginal user damage on

road increases faster (slower) than the marginal benefit does over time.

(2) Along the unconstrained profit-maximizing traffic load path, the profit-maximizing
traffic load would be non-increasing (non-decreasing) over time if the marginal user dam-

age on road increases faster (or slower) than the marginal revenue over time.

(3) For the profit-constrained second-best BOT problem with economic growth, it is more
complicated to discern the monotonicity of the optimal traffic load path. Nevertheless, in
the special case when the marginal user damage on road is independent of calendar time,

then the optimal traffic load functions in-creases over time.

(4) Finally, it is easy to check that the self-financing result still holds if the conditions of
Proposition 2 are satisfied. Yet, both full and partial regulations are efficient in terms of

social welfare attainment in the growing economic environment.

6.7 Conclusions

In this chapter, we examined the BOT problem a dynamic environment with road de-
terioration and maintenance effects. By assuming that the maintenance cost to sustain
the road quality is a natural function of road capacity, traffic load and calendar time,
the road life is endogenously determined as the time when the net economic benefit
becomes nil as maintenance cost increases. We established several meaningful results.
Firstly, under a first-best BOT contract, the concession period should be equal to the
road life; the discounted toll revenue just covers the total capital cost including both
maintenance and construction cost under a certain assumption (the classic self-financing
theorem still holds). Secondly, the second-best optimal BOT contract can be determined

by an isoperimetric problem to maximize the social welfare with a profit constraint. The

optima i arge is increasing over time, as deemed necessary for reducing

Ol LAC U Zyl_ﬂbl
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traffic load and thereby lowering down the road damage. The optimal BOT contract
would not reach the road life. Thirdly, with increasing maintenance cost over time, the
government would set a concession period longer than preferred by the private firm and
set a minimum time-varying traffic load higher than desired by the private firm at any
time. We also proved that if the marginal user damage on road is in-dependent of time,
then the optimal toll charge is free from the effect of road natural deterioration and thus
would be time-invariant. Furthermore, although economic growth has an ambiguous effect

on pricing policies, the full and partial regulations remain effective.
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_7_

PARETO EFFICIENCY OF TOLL ROAD PROJECTS
UNDER VARIOUS OWNERSHIP REGIMES

As the increasing of the private provision of the public roads, specially, by highway fran-
chising contract, the ownership regimes of the transportation network tend to be com-
plicated, which has significant impacts on the decision of the new "add-on” toll road
projects. This chapter investigates the effects of ownership regimes of the existing road
on the decision of the capacity and toll choices of the new “add-on” toll road project,
where the alternative road may be free, public or private toll road. When the alternative
road is a private toll road, we assume that the operators of the two roads, simultaneously,
set toll and/or capacity levels, respectively, following the one-shot game mechanism. The
public sector is assumed to consider both the total social welfare of the whole network
and net profit of the new toll road project when facing various ownership regimes. The
properties of the Pareto-optimal solution sets under different ownership regimes are inves-
tigated. We also examine the existence of the Pareto improving schemes, which enhance
the total social welfare with a positive profit gain for the public sector, of the new road

project with various ownership regimes.

7.1 Introduction

As the increasing of the private provision of the public roads, specially, by highway fran-

chising contract, the ownership regimes of the transportation network tend to be compli-
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cated, which has significant impacts on the decision of the new "add-on” toll road projects.
As mentioned in Section 2.4, many previous studies on the private toll competition, either
tolls or capacities-and-tolls are the decision variables in road competition among the firms.
The asymmetry of the competition was captured by the performance function of the road
and/or investment cost. However, in reality, the capacity/toll choice problem is seemed
to be a little complicated because of road differentiation: the road ownership differen-
tiation, and therefore objective differentiation (the private firms aim to maximize profit
while the government cares about social welfare); the entry-time differentiation and thus
decision-variable asymmetry (an ”add-on” new road can be determined by capacity and
toll, while only the toll level can be adjusted for an existing road). Inescapably, a BOT
contract must face various market environments. The famous example is the autoroutes
in France, which consists largely of private-owned toll roads, above 90% of the whole road
network. Figure 7.1 shows the map of autoroute network of France. Another example
is the three harbour tunnels in Hong Kong (Hong Kong Cross-Harbour Tunnel, Eastern
Harbour Crossing and Western Harbour-Crossing), operating from beginning 1972, 1989

and 1997 and owning for a 30-year concession period, sequentially (Tam, 1998).

De Palma and Lindsey (2000) investigated the toll settings and efficiency gains of the
competition between two parallel roads with three private ownership regimes: (1) a private
road on one route and free access on the other, (2) a private roads duopoly, and (3) a mixed
duopoly with a private road competing with a public toll road. Yang and Huang (2005)
and Verhoef (2007) analyzed the socially optimal toll/capacity choice with an existing free
alternative. They revealed that the optimal toll equal to the marginal external congestion
costs on the new tolled road minus a (positive) term consisting of a fraction (between 1
and 0) of the marginal external congestion costs on the un-tolled route. The government
planner should take into account the flow ”spill-over” effect on the free road in order to
maximize the social welfare. They also pointed out that the resulting revenue would fail

to cover the capacity cost.

In this chapter, we focus on the choice of the capacity and toll for an "add-on” toll road

para 0 an existing road with various ownership regimes, which can be a free, public or
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Figure 7.1: Map of Autoroutes in France

private toll road. The public sector is assumed to consider the total social welfare gain of
the network and the net profit return of the new road project, simultaneously. When the
alternative road is a public toll road, the desirable outcomes are, generally, easy to obtain
since the public sector can freely select the toll of the existing road. In this case, the
welfare-maximizing toll and capacity levels corresponds to the first-best solution. When
the alternative road is a private toll road, we assume that the operators of the two roads
following the one-shot game mechanism. The private sector chooses the toll level of the
existing road to maximize the toll revenue of the existing road, while the public sector
selects a combination of the toll and capacity levels of the "add-on” road to achieve a
desirable outcomes of total social welfare and net profit. Our aims are: to examine the
properties of the toll and capacity levels of the "add-on” toll road at any Pareto optimum
under various ownership regimes and to investigate the effects of the ownership regimes
on those properties. When a new toll road project is considered by the public sector, the

Pareto-improving outcomes are significant important, which can enhance the total social

AR\ Zyl_ﬂbl -
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welfare with a positive profit gain. To examine the existence of the Pareto-improving
schemes under different ownership regimes is also our major objective in the current

study.

The chapter is organized as follows. Section 7.2 introduces the problems and some basic
settings. The properties of the Pareto-optimal solution sets under different ownership
regimes are investigated in Section 7.3. Section 7.4 examines the existence of the Pareto-
improving schemes for the public sector to introduce the new road project with various
ownership regimes of the alternative road. The effects of the ownership regimes on the
public sector’s decisions, including the incentives to invest the new toll road project in the
term of welfare maximization and Pareto improvement, optimal choice of capacity level,
are studied in Section 7.5. A simple analytical example is used to elucidate and test those

results in this section. Finally, conclusions are presented in Section 7.6.

7.2 The Problems and Models

Suppose that the public sector plans to build a new toll road (A) connecting two cities
besides an existing alternative road (F), which can be free, public or private toll road.
The public sector cares of the total social welfare of the whole network and the profit
of the new toll road project. Let pg, pa, yp and y4 be the toll and capacity levels of
two roads, respectively. We assume that the capacity of road £ is predetermined and
can not be adjusted. Denote qg, tg and g4, t4 as the flows and travel time functions
of roads E A, respectively. It is assumed that the link travel functions are convex and
increasing functions with respect to the corresponding link flows, or, t';,, > 0 and t";,, > 0,
i € {E, A}. For the given two-link network, the following user equilibrium (UE) condition

always holds:

pi + Bti (¢, yi) = ¢ >0
pi + Bti (¢, y:) > p ¢ =0

i€ {E, A}, (7.1)
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where [ is the value-of-time (VOT) to convert time into equivalent monetary cost (we
consider homogeneous users only), and capacity levels are measured in the same unit as

the link flow, and p is the minimal generalized travel cost.

Denote the benefit function (or inverse demand function) as B (@), which is strictly
decreasing in @, or B’ (Q)) < 0. The unit-time social welfare of the whole network in

monetary is:

Q
W = /o B(w)dw — Bqpte(ge, yr) — Baata(qa, ya) — nl(ya) (7.2)

where I (y4) is the construction cost of road A, which is an increasing function of capacity,
y4; 1 is the discount factor converting the total construction cost into each unit time during
a planning period. The toll revenue of road E and the net profit of road A (suppose the

operate cost is zero), respectively, are:

Pg = prqe (7.3)

and

Py =paga —nl (ya). (7.4)

We assume that the net profit of road A and the social welfare of the whole network are
concerned by the public sector when introducing the new project. If road E is free, the
public sector’s problem is to select a combination of the toll and capacity levels of road
A to maximize the total social welfare and net profit of road A, simultaneously:

max W parya) : (7.5)

pA>0,y4>0 PA (pA’ yA)

When road E is a public toll road, and the public sector is a "monopoly” of the system.

She can select the toll levels of road E and A, together with the capacity level of road
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A,to maximize the total social welfare net profit of road A, simultaneously,

W ) )
max (P, P4, ya) : (7.6)

PE20,p420,y420 Py (pE,pA’ yA)
If road E is a private toll road, it corresponds to a simultaneous game between the public
sector and the private sector of road E. The public sector selects a combination of toll
and capacity levels of road A to maximize the total social welfare and net profit of road
A, while the private firm of road E chooses a toll level of road E to maximize her own
toll revenue, namely,

W (pa,
max (Pa:9) vs. max Pg (pg) - (7.7)

pA>0,y4>0 PA (pA, yA) PE>

Note that problems (7.5)-(7.7) are subject to the constraint of the UE condition (7.1).
Denote "7, ”II”, "III” as the scenarios that road E is a free, public or private toll road,
respectively and a superscript with 71”7, "I, "III” is used to depict the solution variables

of those problems.

7.3 Pareto-optimal Solutions under Various Ownership Regimes

In this section, we investigate the properties of the Pareto-optimal solution sets of prob-
lems (7.5)-(7.7) under various ownership regimes of road E by assuming the existence of
the inner solutions of the three problems. In this case, the UE condition (7.1) is expressed

as:

pE + Bty (qe, yr) = pa+ Bta(qa,ya) = B(Q),Q = qr + qa. (7.8)

Suppose (pa,ya) be any Pareto-optimal toll and capacity pair of problems (7.5)-(7.7).
Denote g4 and qg as the corresponding demand levels of road A and E. From the

standard optimality method, we obtain that, for any given toll charge of road F, capacity
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y4 must satisfy the following optimal condition at Pareto optimum:

Ota(qa,ya) N df (ya)

Paa 0y a dya

= 0. (7.9)

Again, Assumptions 3.2 and 3.3 in Chapter 3 are introduced in this chapter to derive
some useful insights unless otherwise explicitly noted. Under Assumptions 3.2 and 3.3,

Eq. (7.9) is reduced as:

O

. g (7.10)

Since the function of the left-hand side of Eq. (7.10) is strictly increasing in 74, the
Pareto-optimal volume-capacity ratio 74 of bi-objective problems (7.5)-(7.7) is constant
and solves Eq. (7.10) whenever there are positive flows on both roads. Xiao et al.
(2007b) demonstrated that each profit-maximizing firm in a network with parallel toll
roads chooses toll and capacity to keep the v/c ratio at a reasonable level being inde-
pendent on the other firms’ choices. The result of Xiao et al. (2007b) has been derived
in general transportation network by Wu et al. (2010). Eq. (7.10) means that, under
Assumptions 3.2 and 3.3, the v/c ratio along the Pareto-optimal frontiers of problems
(7.5)-(7.7) is always constant and equals the socially optimal level. We now denote the
v/c ratio, determined by Eq. (7.10), as 74. The average social cost per trip of road A at

Pareto-optimum is calibrated as:

nl (ya)

Co = Bta(qa,ya) + = fta(7a) + BYat’ 4 (F4), (7.11)

Equation (7.11) shows that the average social cost per trip of road A at Pareto-optimum is
only dependent on the v/c ratio of road A, and thus is constant along the Pareto-optimal

frontiers of problems (7.5)-(7.7).

For any given toll and capacity levels of road A, ps and y4, in view pg as the function

of traffic flow, ¢z, determined by UE condition (7.8), the toll revenue of private sector,
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defined by Eq. (7.3), is now expressed as the function of ¢g,

Pg = qg (B (qa +q8) — Bte (¢e.yE)) - (7.12)

In addition, since the public sector always selects a combination of toll and capacity
levels to keep the optimal v/c ratio, 74, using definition (7.11), the net profit of road A,

determined by Eq. (7.4), is reduced as:

Pa=paga —nl (ya) = qa (B (qa +qe) — Co) . (7.13)

For the same reason, the total social welfare, given by Eq. (7.2), is rearranged as:

Q
W= /0 (B (w) = Cy) dw + qg (Co — fte (48, YE)) - (7.14)

To guarantee the analytical treatability of problems (7.5)-(7.7), we assume that, under
UE condition (7.8), the toll revenue of road E, Pg, is concave in gg for any given p4 and
y4; both the profit of road A and social welfare of the network, P4, and W, are concave

in qa for any given pg.

7.3.1 Pareto-optimal solutions when the alternative road is free

In this subsection, we examine the properties of the Pareto-optimal solutions when the
alternative road is free. It is necessary to investigate the welfare-maximizing and profit-
maximizing solutions. Denote (pY,7Y) and (pY, 7) as the welfare-maximizing and profit-
maximizing solutions of problem (7.5), respectively. Correspondingly, denoted the traffic
flow of road A and E as ¢} and @', respectively. From the optimality condition, we know
that the best response of the public sector to maximize the total social welfare is to set

the toll charge of road A such that

1 P | 8tA (61147 g}é&) a ~1 8tE (qIEa yE)

Pa = QAT_ 1P4E 94x (7.15)
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where &} = B’ (QI)/(B’ (QI) — Bots (G, yr) /8qE) € [0,1] and Q' = ., +G%. Equation
(7.15) means that the optimal toll equal to the marginal external congestion cost on the
new toll road minus a positive term consisting of a fraction (between 1 and 0) of the
marginal external congestion cost on the un-tolled road. The welfare-maximizing public
sector should take into account the flow ”spill-over” effect on the free road in order to
maximize the social welfare (Verhoef, 2007; Yang and Huang, 2005). The best response

of the public sector to maximize the net profit of road A is to set the toll charge of road

A as

oa (@4, 04) 1.1 Ote (T yE)

I ~1
= pg, ZANaYA) | 5 , 7.16
Pa ﬁQA 8(],4 1P494 8qE ( )

where aj = B' (Q")/(B' (Q") — 80te (G, ye)/9qe) € [0,1] and Q" = 4 + ¢

Viewing the different aims of the public sector to maximizing the total social welfare or

net profit, and using definition (7.11), UE condition (7.8) can be expressed as, respectively

~1 atE (QNIEa yE)

Bte (G yr) = Co — &1 B4y P =B ({4 + dg) , (7.17)
qE
and
otg (k.
Bt (2 ys) = Co+ apgh 2B VE) _ g oy (7.18)

JqE

From Eq. (7.17), it is easy to check that the derivative of the profit function , given by
Eq. (7.13), dP4/dga < 0 at ¢. Therefore, the public sector can not increase his profit
gain from the level at the welfare-maximizing solution by increasing capacity investment
because P, is concave in q4. In addition, since the profit-maximizing public sector can
earn strictly positive profit by selecting solution (p',7Y), we know ¢!, > g, and g, > 7',.
Furthermore, the Pareto-optimal solution of problem (7.5) results in a Pareto-optimal
demand-capacity pair set belongs to domain Q = {(ga,ya) : g4 = ya¥a, ¥y < ya < 74}
Evidently, directly from UE conditions (7.17) and (7.18), the toll level at the profit-
maximizing solution is higher than that at the welfare-maximizing one, p'y < p',, which

results a lower total demand, Q' < Q', and makes the alternative free road more congested,
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0 < Q-
7.3.2 Pareto-optimal solutions when the alternative is a public toll road

We now consider problem (7.6), in which, road F is a public toll road. In this case, the
public sector is a "monopoly” in the network and can freely select the toll level of road E.
Notably, the public sector can determine the first-best solution by setting the congestion
externalities on both road to maximize the total social welfare, which corresponds to the
well-known first-best solution in the highway financing problem (Verhoef and Mohring,

2009). At welfare-maximizing solution, we know

o ,nOle (ijg, yE) o1 ,-n0la (QH,Z]H)

Pr = ET)])A_ A dqa ) (7-19)

where G} and g4 are the corresponding link flow of road E and A associated to the

welfare-maximizing solution. UE condition (7.8) is now reduced as

~1I atE (qNIEI7 yE)

Bte (@, ) + Plp—p —— = Co = B (41 + ). (7.20)

Equation (7.20) implies that both the total demand and flow of road E are completely
determined by the average social cost Cy. Specially, the total demand is independent on

the travel delay function of road E, or the capacity level of road E.

It is intuitive to examine that the profit-maximizing solution (ﬁ%, P, gjﬂ) is to set the toll

level of road E high enough such that road A produces the monopoly profit, namely,

P+ Bte (0,y5) > Co — 4B (d4) = B (d4) - (7.21)

Because if there is a positive flow on road E for a certain feasible solution (pi, pi, y),
then increasing the toll charge of road E can increase the net profit production of road
A. Therefore, at profit-maximizing solution, there is no positive flow on road E. It must
be pointed out that the profit-maximizing toll charge of road F, p&, may not be unique,

hile the prof imizing capacity 7Y is always constant and equals ¢4 /94, where ¢l

Ol LAC U Zyl_ilsl
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is determined by condition (7.21).

From conditions (7.20) and (7.21), we know that, when the alternative road is a public
toll road, the profit-maximizing demand and capacity levels are the same as those at
monopoly optimum in the case with a single highway project studied in Chapter 3, while
the welfare-maximizing demand level is lower than that at social optimum in the case
with a single highway project. Furthermore, since ¢y, determined by condition (7.21),
is independent of the capacity of road F, while ¢'{ may decrease to zero as the increase
of capacity ygp. And thus, it is possible that ¢glf > G{ for certain conditions. However,
there is no sense for such profit-maximizing solution in practice. In particular, when the
travel demand turns to be inelastic, the profit-maximizing public sector tends to set an

infinitely high toll level and an infinitely low capacity level of road A.

We know that, the public sector always selects a combination of toll and capacity level
to keep the optimal v/c ratio, 4 at any Pareto-optimal solution, (pif,pH4,y). It is
convenient to investigate the properties of the intermediate Pareto-optimal solution using
the welfare and profit functions, given by (7.14) and (7.13), respectively. Denote the flow
of road A as ¢Y, associated with the intermediate Pareto-optimal solution (p, p,y"}),
which solves the following programming

max W (qa), s.t,Pa(qa) > Pi, (7.22)

qa>0

where 0 < P} < —(QE)ZB’ (74). Note that the public sector can freely adjust the toll
level of road E. Thus, UE condition (7.8) now have no effect on her decision to obtain
profit P;. gg can be viewed as the function of g4 determined by the binding constraint
P4 (qa) = P3. Using definition (7.11), we have the following Pareto-optimal condition at

any intermediate Pareto-optimal solution, (pIEI, i, yg)

B(QY) ~ MSCa (d)) | B(Q") - Cy
B(QU) — MSCy(qh) ~ —q1B Q1)

=1 (7.23)
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where M SC; () is the marginal cost function

ot (qi,yi) .
MSCi(q:) = Bti (¢, yi) + ﬁ%%ﬂ €{A E}. (7.24)

In Eq. (7.23), the first term is the ratio between the marginal social cost savings gained
from roads E and A; the second term is the ratio of the Pareto-optimal markup level to
the maximal markup charge (monopoly pricing) to realize the traffic volume levels ¢!{ and
q3. The former captures the inefficient marginal social cost saving, and the latter depicts
the degree of the inefficiency of using the user fee. Moving from the welfare-maximizing
solution to profit-maximizing one along the Pareto-optimal frontier, the public sector
extracts more and more consumers’ surplus. And thus, the second term in Eq. (7.23)
approaches to one. The second term turns to zero, which means the inefficient marginal

social cost saving gained from road F increases more quickly than that from road A.

Furthermore, given the existence of the welfare-maximizing and profit-maximizing solu-
tions, ¢\ and ¢, any Pareto-optimal traffic volume of road A, ¢!f, must locate between
the two levels. Using condition (7.23), we can determine the corresponding demand level,
QU and the traffic volume of road E, ¢¥. And thus, the Pareto-optimal toll levels of

roads A and E are easy to calibrate.

7.3.3 Pareto-optimal solutions when the alternative is a private toll road

In this subsection, we go to investigate the properties of Pareto-optimal solutions of
problem (7.7) where road E is a private toll road. We assume a one-shot game between the
public sector and private sector, namely, the operators of the two roads, simultaneously, set
toll and/or capacity levels, respectively. The public sector aims to obtain a Pareto-efficient
outcome of the total social welfare and the net profit gains by selecting a combination
of toll and capacity levels of road A. And the private sector chooses the toll level of
road E to maximize her own toll revenue. Either party makes her decision considering

the action of another guy. Again, from the standard optimality method, for any given
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toll and capacity pair of road A, (p4',y"{'), the best response of the revenue-maximizing

private sector is to set a toll charge such that

Ot (ag' ym Ota (4" y4'
Pl = Gl (a5 )+agl qgl¥7 (7.25)
OqE 0qa

where o = B (Q™) /(B' (Q™) — B0t 4 (¢{', y'{") /0aa) € [0,1].

We first consider two special cases by assuming that the public sector aims to maximize
only the social welfare or net profit of the road project. Denote (ﬁ%ﬂﬁﬁl,z}ﬂl) as the
competitive equilibrium between the welfare-maximizing public sector and the revenue-

maximizing private sector. In this case, the public sector sets the toll level of road A

as
I L N S
i = pap A TR o (e g e (Wue)) (720
4 4r

where al! = B’ (QIH)/(B’ (QHI) — Botg (qNJIEH,yE)/aqE) € [0,1] and Q" = g1' + G4t
Denote (pi!, o4, 7'{') as the competitive equilibrium between the profit-maximizing public
sector and the revenue-maximizing private sector. In this case, the public sector sets the
toll level of road A as

_III 8tE (q_gla yE)

_ , 7.07
A A 8qA ( )

where ai'' = B/ (Q™) /(B (Q™) — Botg (72, yr)/0qr) € [0,1] and Q" = ' + gt
Using competitive equilibrium tolls (7.25)-(7.26) and definition (7.11), UE condition (7.8)
can be rewritten as

~111 ~III)

~ ~ - 1171 OtE (357, ~ 117 Ot ,
B+ a) = Bte (@ ye) + pap e GE ) ¢ gt I 2

99k 094 7.98
— O 4 GG gt 2t ) (7.28)
=Cotay & bip —Qg,

and

R R B B ot —III7 B B ot —III7 11T
B(@H +at) = pte (@' ve) + pa G g g GRS

ot 11T
=111 3 111 P E\9E YE
=Co+ a7 Bq, (&fE )
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The relationship between the welfare-maximizing and profit-maximizing solutions is in-
deterministic. Generally, the welfare-maximizing public sector is more efficient than the
profit-maximizing one does in the sense of social welfare. However, it is not always true.
When the capacity of road E is a little higher, the welfare-maximizing public sector has
no a leading competitive power to operate the new road, and is less efficient than the
public sector to maximize the net profit. For the fixed-capacity case, de Palma and
Lindsey (2000), using numerical examples, compared the toll levels and efficiencies under
those ownership regimes in which toll is the only instrument for both operators. Very
strangely, they demonstrated in their numerical examples that the efficiency of mixed
duopoly (public sector vs. private sector) would be lower than the pure duopoly (private
sector vs. private sector) when the public road has a small share of capacity. Therefore,
if the public road has a lower capacity or the public road performs very badly, it is better
for the government to privatize the public toll road or to compete with his rival as a firm.
In economic literature, the un-intuitive result was also found by de Fraja and Delbono
(1989) in the mixed oligopoly market. If the market is competitive enough and the public
sector has no a leading competitive power, it is socially optimal for the public sector to
try to maximize its own profit not the total social welfare. They found there is a threshold
number of private firms, M, such that privatization of the public sector improves the total

social welfare if and only if the number of private firms exceeds M.

We now investigate the properties of the competitive equilibrium solution, (p%l, Py, yHI),

in which, the public sector tends to obtain the tradeoff efficient outcomes by selecting a
combination of toll and capacity levels of the new toll road and considering the competitive

effect of the private sector. Denote the flow of roads F and A associated to the competitive

equilibrium solution as ¢4 and ¢!{!; respectively. At competitive equilibrium, given toll

level, pi, (pgl,ygl) is a certain selection of the public sector to achieve an efficient

outcomes: either welfare or profit will be decreased for any other combination of p'f' and

IIT.

: I1T I1T 111
Y1t given (p'fl, oY)

, i 1s one of the best strategy of the private sector: any other toll
level set by the private sector will not increase the toll revenue obtained from road E. It

must be pointed out that, for given pll there may be various selections for the public

Ty -
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sector to achieve different efficient outcomes, namely, pil may correspond to a set of

the efficient payoff pairs. While for given (p4,y!{"), the private sector may have various

optimal strategies, which result in the same payoff level.

On the other hand, for a certain piil, if there exists (piil, p{', y{') resulting in a zero

flow of road E, ¢i' = 0, then the corresponding flow of road A, ¢{' € [QH,QH] The
competitive outcome only happens when the free-flow travel time cost of road F is higher
than the average travel cost of road A, or, 8tg (0,yg) > Co. Because, first, for ¢4 = 0,
at any Pareto-optimal solution, the generalized travel cost of road A is not less than the
average social cost since B (QH) = Cp and ¢! € [q‘H, QH]. Second, if Stg (0,yg) < Co,
the revenue-maximizing private sector surely sets a lower toll level on road E to attract
a positive link flow and earn a strictly positive toll revenue. Therefore, the competitive
equilibrium solution (pii!, pi', 1) can not result in ¢ii' = 0 whenever St (0,y5) < Co. In
fact, it is not difficult to make decision for the public sector if condition ftg (0,yg) > Cy
does exist because the private sector has no competitive power in this case. Without loss
of generality, we assume that condition Stz (0,yg) < Cy is true, which is not practically

restrict because the new toll project may not so cheap in the sense of social cost even

lower than the free-flow travel time cost of the existing road.

In Subsections 7.3.2, the toll level of the alternative road E can be freely set by the public
sector, in which, the flow of road E is a function of g4 determined by the binding profit
constraint, and the bi-objective problem can be changed as a single-objective programming
problem. Differently, since ¢1! is positive under our assumption, and the toll of road E is
set by the private sector and can not be changed by the public sector. Problem (7.7) gets
more complicated than problems (7.5) and (7.6) discussed in the previous two subsections
because of the competitive effect. We adopt the simple weighted sum method to determine
the Pareto-optimal solution. The topic on the strategies of the public toll road in parallel
roads competition is left for our future research. We assume that the Pareto-optimal

solutions associated to pHI! solve the following problem.

max AW (q4) + (1= \) P (1) (7.30)
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where the weighted parameter A € [0, 1]. Note that, if (p%l, e yHI) is one of solutions of

11T

problem (7.7), then ¢ solves problem (7.30) with UE constraint (7.8) by setting pp =

pi!. However, not all solutions of problem (7.30), together with plll are the competitive
equilibrium ones of problem (7.7). When the capacity level of road E is a little higher,
the weighted sum method (7.30) may result in unpredictable outcomes. That is to say, to
set a higher weight on the welfare in problem (7.30) may induce less total social welfare
gain. However, the weighted sum method can provide various alternative choices for the

public sector when both social welfare and profit are their concerns. Consider problem

(7.30), from the standard optimality method, we obtain

M(B(Q™) - MSCA () — ot (B(Q™) - MSCx (dl))}
FA-N{(B@QM) - o) + (1) "B (@)} =0,

(7.31)

where it = B (Q")/(B' (Q™) — Botr (¢, yr)/0qr) € [0,1]. Considering the re-
sponse of the private sector, described as Eq. (7.25), the public sector sets toll

ot III7 11T ot III7
e S e .
(ddym) (7.32)

11 g 111 9tE
+ (1 =N ay Bay qm

Observe Eqgs. (7.26) and (7.27), it is a compromising response of the public sector to

derive an efficient outcomes. Given weighted parameter ), substituting toll charges, pii!

and pI' determined by Egs. (7.25) and (7.32), respectively, into equilibrium condition
(7.8), we can determine the corresponding Pareto-optimal solution. The toll setting rule

(7.32) is also valid by setting pp = 0 when the alternative road is free.

7.4 Pareto-improving Schemes under Various Ownership Regimes

We so far investigated the Pareto-optimal capacity and toll choices of a toll road parallel to
an existing alternative road with various ownership regimes. The analysis is based on the
assumption that the all Pareto-optimal solution of problems (7.5)-(7.7) are inner solutions.

are still not clear. Whether is it necessary to introduce road
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A, or, whether can it improve the efficiency of the whole network in the sense of social
welfare? Is there any Pareto-improving scheme for the public sector to obtain positive
gains in both the total social welfare and profit by selecting a combination of capacity
and toll levels of road A? In this section, we proceed to examine those questions. If there
is a Pareto-improving scheme, we are interested in the non-dominated Pareto-improving
scheme, which locates in the Pareto-optimal solution set. Hereinafter, we define the
Pareto-improving scheme as the Pareto-optimal solution which results in positive welfare

and profit gains, simultaneously.

7.4.1 Pareto-improving schemes when the alternative road is free

When road E is free, before introducing road A, the flow of road E, ¢k, satisfies St ((j}g, Y E) =
B (4}5) Notably, gL is larger than the level when setting a toll equal to the congestion
externality on road E. From condition (7.17), define the distorted marginal social cost

(MSC) of road E as:

oti (¢e,yE)

MSCy (qr) = Bte (48, &) + 018 5
qE

, (7.33)

where ay = B' (qg)/(B' (qg) — BOtg (4r, yr)/0qr). We now prove that MSCY, (G)) > Co
is a sufficient condition to invest road A for the welfare-maximizing public sector. That
is to say, under condition MSCL ((jIE) > (), the public sector can always improve the
social welfare by properly selecting a combination of capacity and toll levels of road A.
Suppose that road A is introduced and the public sector chooses combination of (pa,ya)
such that ya = ga/7a, then the total social welfare is given by (7.14). Viewing ¢g as
a function defined by UE condition Stz (¢g,yr) = B (ga + qg) and taking derivative of

social welfare W in ¢4, we obtain

dWw B’ (ga + qr) otg (45, yE)

- =Bt ’ +
dga B (45, yr) B (q1 + az) — POtz (4z,y5)/0as F Oqm

— Cy. (7.34)

From Eq. (7.34), we know that (dW/dqa),,_, = MSCL (¢;) — Co. We obtain the

sufficiency. Furthermore, if welfare function W is concave in g4, then (dW/dga),,_, <0
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implies that increasing capacity investment of road A will not improve the total social
welfare. Thus, condition MSCY, (G};) > Co is also necessary for the welfare-maximizing

public sector to implement a welfare-improving scheme.

In addition, if ASC (¢}) = Btr (¢}, yr) > Co, the profit-maximizing public sector can
achieve a strictly positive net profit by setting the toll level of road A, given by Eq.
(7.16), and the capacity level satisfying condition (7.18). Furthermore, it is intuitive to
see that ASC (cj};) > () is also necessary for the public sector to earn positive net profit
by introducing road A. We know that, ASC (¢};) > Cy implies MSC}, (g};) > Co since
MSCL (qg) > ASC (gg) for any gr > 0. Therefore, there is a Pareto-improving scheme
with position welfare and profit gains if and only if ASC ((j}g) > Cp.

In summary, if ASC ((j}g) > (), then there exists a Pareto-improving scheme for the
public sector to achieve the positive social welfare and profit gains; if ASC (cj};) < (Ch<
MSCL, (QE), the public sector can improve total social welfare but not obtain a positive

profit; the public sector may not improve the total social welfare by introducing road A

when MSCE, (g%) < C.

7.4.2 Pareto-improving schemes when the alternative is a public toll road

When road A is a public toll road, the sufficient and necessary condition for the public
sector to invest road A is MSCg (cjg) > (Cy, where M SC'g is the marginal social cost
of road E, given by Eq. (7.24), and % is the socially optimal flow of road E, defined
by MSCg (¢f) = B (g#) . Condition MSCF (¢}) > Co means that the existing road
does not satisfy all demand at the socially optimal toll, the public sector can invest road
A to improve the total social welfare. In addition, for any road capacity, ya > 0, when
ga — 0, the average travel time approaches the free-flow travel time, ¢4 (0), and the
congestion externality approaches zero. Therefore, the monopoly profit Py (ﬁIEI, pu, gg) >

0 is guaranteed by condition (3.50). As discussed in Chapter 3, condition (3.50) is not

practically restrictive, because we can reasonably expect that there is a positive potential
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traffic demand with a free-flow travel time. Otherwise, it is meaningless to build a new
highway. Therefore, the public sector can always gain positive profit if the alternative is

a public toll road.

It is clear that, when road E' is a public toll road, there exists a Pareto-improving scheme
for the public sector to achieve positive social welfare and net profit gains if MSCg (q%) >
Co; it MSCg (Qg) < (b, the total social welfare can not be improved even the public sector

can obtain positive net profit by introducing road A.

7.4.3 Pareto-improving schemes when the alternative is a private toll road

We now examine the existence of the Pareto-improving schemes when the alternative road
is a private toll road. Note that, from UE condition (7.28), at the critical case with zero
traffic flow on road A, o = 0. Thus, the following distorted M SC function of road E is

considered:

ot , ot ,
MSCY (gr) = Bte (48, yE) + ﬂQEM + 041111561EM, (7.35)
JdqE OqE

where o' = B (qr)/(B’ (¢8) — Bt (qr,yE)/0qr) € [0,1]. It is clear that, the unregu-
lated private sector of road E surely sets a monopoly toll level whenever road A is not

introduced into the network. The resulted link flow, denoted as, X!, satisfies

AIIT

ot ,
s (a1 y) + BQEI% = B () + ' B (a8). (7.36)

We now prove that if M SC’IEH ((jgl) > (), then the existing road does not satisfy all
demand at the monopoly toll and the public sector can invest road A to improve the total
social welfare. First, suppose that the private sector keeps the monopoly toll of road F,
pg =B (cjgl) — fte (cjgl, yE) In this case, since the optimal capacity and toll choice of

the public sector results in the socially optimal v/c ratio, 44, we consider welfare function,
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given by (7.14). Taking the derivative of W with respect to ¢4, we obtain

aw
dga

Ot (gm, zm)) a5 (7 57y

= B(qa+qe)—Co+  B(qa+ qe) — Bt (qs yz) —
(qa +q8)—Co ( (ga + qr) — Pte (qe, yE) — Pae Oin d0x

Using UE condition (7.8) by setting pr = B (¢i") — Bte (45, yx), we have, at g4 = 0,

dW

W = MSCy (4g') = Co. (7.38)

q4=0,gp=G¢1

Equation (7.38) implies that, if MSCY! ((jgl) > () and the private sector keeps the
monopoly toll, then the public sector can improve the total social welfare by introducing
road A. When the private sector increases or decreases the toll level of road E following
a strategy action, it is clear that the welfare-maximizing solution with strictly positive
capacity level does exist and satisfying equilibrium condition (7.28). Therefore, condition
MSCH (q5") > Cy is sufficient to guarantee that the total social welfare can be improved
by properly choosing the combination of capacity and toll levels. Furthermore, if the social
welfare I is concave in ¢4, then increasing capacity investment of road A will not improve
the total social welfare since (AW /dqa),,_o < 0. Therefore, condition MSCY' (G5') > Co

is also necessary.

It must be pointed out that, condition MSCY' (¢i') > Cp is sufficient and necessary
for the welfare-maximizing public sector to build road A, but which does not mean that
the public sector has no other alternative strategy to improve the social welfare when the
condition is violated. Notably, if MSCE' (¢i1) < Cy < B (G4'), road E can not satisfy the
monopoly demand, and the profit-maximizing public sector can obtain positive profit by
introducing road A. And if the competition, simultaneously, results in a positive welfare
gain comparing to that in the monopoly case (the unregulated private sector operates
the single road and sets a monopoly toll level), then a Pareto-improving scheme exists.
It is in-deterministic that whether the total social welfare is surely enhanced under this
condition. However, the consumer surplus is surely improved since the total demand is
increased (Farrell and Shapiro, 1990). In this case, we still assume that the public sector

prefers to introduce road A. Nevertheless, the private sector obtains the monopoly revenue
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if the generalized travel cost of road E is lower than Cy at ¢ii', namely, B (¢h') < Co.

And thus, the public sector never achieves a positive net profit gain. There is no Pareto-

improving scheme.

According to the above discussion, we know that, if MSCH! (Q}EH) > (), then there exists

a Pareto-improving scheme for the public sector to achieve positive social welfare and
profit gains; if MSCH! (Q}EH) <Cy< B (le), the total social welfare may be improved
and the public sector can obtain positive net profit gain by introducing road A; while
B (dgl) < (), the public sector can never improve social welfare with the positive profit

gain by building road A, and the private sector achieves monopoly revenue from road E.

7.5 Effects of Ownership Regimes

We so far investigated the Pareto-optimal solution sets of problems (7.5)-(7.7) and the
existence of the Pareto-improving schemes under various ownership regimes, separately.
One of the most important issues is how the ownership regimes affect the decisions of
the welfare- and profit-maximizing public sector. In this section, we proceed to examine
the following questions: how do the ownership regimes affect the capacity choices and
incentive to investment a new road for the public sector? what about the existence of

Pareto-improving schemes under various ownership regimes?

7.5.1 Effects of network ownership regimes on Pareto-optimal solution sets

The effects of the ownership regimes of the alternative road on the Pareto-optimal solution
set are investigated in this subsection. We are particularly interested in the capacity
choices of road A under different ownership regimes for the welfare-maximizing public

sector.

From UE conditions (7.17) and (7.20), we know that ¢k, > ¢i and Q' > Q. By direct
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calibration, we obtain

AL Al T\ A ESth
!
and
~1 ~11 ~1\ ~I ﬁatE (QE’QE) /8QE
4drg —4g = (1 - 041) (7.40)

e (MSCy (61))/0as

where & € (G, ¢i"); MSCp is the marginal social cost defined by Eq. (7.24); the point
and shrinkage-ratio price elasticities of demand function, B (@) are defined as Eqgs. (3.33)
and (3.37), respectively. Subtracting both sides of (7.39) from (7.40) gives rise to

1 g (Bag pot (> yE) /04
I 0 (1 ATy A Q £ 4p: YE
Bo=U-a)e ( EL,  0(MSCy(€))/0ar ) )

Two sufficient conditions are derived to guarantee ¢y, > ¢4 and ¢y < g4, respectively,

Eshgl - Botg (7, ye)/Oae

/ 7.42
B3, = 9(MSCy ) /0us o
and
B ~
Eshn - B0t (05, ye) /0qn (7.43)

BB, = 9(MSCy (dh))/04s

Condition (7.42) is satisfied for the line benefit functions and BPR-type link travel time
functions. Therefore, for the BPR-type link travel time functions, condition (7.42) is
surely true for the concave benefit functions. However, if condition (7.43) is satisfied,
then we derive the opposite conclusions. Furthermore, it is easy to compare the capacity
levels under scenarios I and IT with conditions (7.42) and (7.43) since the v/c ratio is

identical and equal to 4.

Following similar method, from UE conditions (7.20) and (7.28), we obtain the following
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two sufficient conditions to guarantee ¢y > ¢4 and ¢'f < G, respectively

Eogm . Pt (a2, yr)/Oqk

44
ES, ~ 9(MSCg(g"))/0ar e
and
B ~
Bangu _ B0ts (44, y) /0qr (7.45)

Egm — 0 (MSCE (qg))/acﬂE

The conditions are sufficient because ¢ > ¢!, Again, for the linear or convex benefit
functions and BPR-type travel time functions, condition (7.44) is true. Since QM <
Q" < @', we know that, a general concave or convex benefit functions may not guarantee

conditions (7.44) and (7.42) are satisfied, simultaneously.

In summary, for the special case with the linear or constant-elasticity benefit functions and

BPR-type link travel time functions, we know that ¢, > ¢4 > g'{!

and 7y > g4 > 94"
Therefore, in contrast to the scenario II (road E is a public toll road), the welfare-
maximizing public sector tends to select a higher capacity level under scenario I (road E
is free); while prefers to select a lower capacity level under scenario I (when road E is a
private toll road). For this special case, Figure 7.2 depicts the Pareto-optimal demand-
capacity pair set under scenario I, 2. From the above discussion, we know that, the
welfare-maximizing demand-capacity pairs when road £ is a public or private toll road,
(qu, QE) and (qul, QEI), are two special points in domain 2. However, it is hard to compare
the capacity levels of road A selected by the profit-maximizing public sectors under the
three scenarios, even with the special assumptions of the benefit and travel delay functions.
In addition, for the case with fixed demand, the price elasticity of demand can be viewed
as zero or B’ = 00, as a result, @y = ay = 1 for all three scenarios in conditions (7.17),
(7.20) and (7.28). The welfare-maximizing public sector selects an identical capacity level,

and thus, the capacity decision of the public sector is free from the effect of the ownership

regimes of road F.
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Figure 7.2: Pareto-optimal demand-capacity pairs under various ownership regimes

7.5.2 Effects of network ownership regimes on Pareto-improving schemes

The ownership regimes do have significant effect on the efficient outcomes of investing a
new competitive toll road project parallel to an existing alternative, as discussed in Section
7.4. Under different ownership regimes, Table 7.1 lists the conditions for the public sector
to achieve positive welfare and/or positive profit gains by investing road A. It must be
pointed out that, under condition B (¢') > Co, the profit-maximizing public sector tends
to build road A to make money. In this case, the competition may lower the monopoly
revenue of the private sector, and the total social welfare may be worsened. However, the
total consumer’ surplus is surely increased. We assume that the public sector still prefers

to build road A to compete with the private sector, who is a natural monopoly.

For the special case with the linear benefit functions and BPR-type link travel time

functions, proposed in Subsection 7.5.1, we now prove that

MSCE (51 > Co = MSCg (4) > Co = MSCY, () > Co. (7.46)
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Table 7.1: Conditions and outcomes under various ownership regimes

Ownershi Non-positive
. P profit- Welfare- . . P
regime of o R Pareto-improving  profit and welfare
maximizing maximizing .
road E gains

Free (1) ASC (5) > Co MSCL(Gh) > Co_ASC(35) > Co  MSCY (45) < Co
Public toll MSCy (%) > Co MSCx (44) > Co

road (II)
Private toll A . . .
road () B (G2 >Co  MSCE (¢5") >Co  B(d5") > Co B (¢h") < Co

Suppose that M SCL (cj};) < MSCg ((jg), following the discussion in Subsection 7.5.1, we

obtain

NI AT (1 - &{) N ﬂatE (qA]IEa yE) /aQE

dp — qp < q - . 7.47
s £ (MSCr (d1) [0 (47
However, from the definitions of ¢4 and ¢k, we also have
Al AT AT ES"‘?}E
g —qg > (1 - a1) dp EB (7.48)
s

It is easy to check that, condition (7.42) is true at g. Therefore, MSC (¢f) >
MSCg (Qg), and thus, MSCg (cjg) > Cy = MSCL (cﬁg) > (p. Similarly, we can also
derive that MSCH! (QEI) > Cy implies M SC'g (cj};) > () for the special case.

Relationship (7.46) implies that, in comparison with scenario II, the welfare-maximizing
public sector has more incentive to invest the new road project when the existing road
is free, and less incentive to invest the new project when the existing road is a private

toll road. However, when the demand is inelastic, B’ = —oo, MSCL () = MSCW' () =
MSCE (). Therefore, the conditions in Eq. (7.46) are equivalent to each other and the
ownership regimes of road F have no impact on the incentive of the welfare-maximizing

public sector to invest road A.

Furthermore, it is easy to check the following relationship

ASC (@) > Co = MSCg (4) > Co = B (¢i') > Co. (7.49)
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Relationship (7.49) means that any Pareto-improving scheme under scenario I must be
one of the Pareto-improving schemes under scenario II; and any Pareto-improving scheme
under scenario IT must be one of the Pareto-improving schemes under scenario III. It
is more restrictive for the public sector to achieve a Pareto-improving outcomes when
the existing road is free, and, generally, less restrictive to achieve a Pareto-improving

outcomes when the existing road is a private toll road.

7.5.3 A simple analytical example

Consider the following numerical example: the Benefit function B (Q) = 5 — 4Q); the link
travel time function is used in both roads with same free-flow travel time, to = 1.0 (h),
ti (g, i) = 144q;/yi, 1 € {E, A}; and construction cost function I (y4) = ya. It is assumed
that the value-of-time, = 1, and unit construction cost, n = 1. The socially optimal
volume-capacity ratio and the average social cost of road A are, ¥4 = 1.0 and Cy = 3.
The capacity of road E, yg, as a variable, is adopted to identify the various investment
conditions. According to the definitions of ¢k, ¢ and ¢, we get that ¢, = 4/(4 + 1/yg),
G =4/(4+2/yg), ¢ =4/(8 +2/yg). From the conditions discussed in Sections 7.4.1-
7.4.3, we know that, when the capacity level of the existing road is lower than (1 + \/5) /4,

1/2or (1+ \/5) /8, the public sector considers to invest the new road under scenarios I,

IT or III, respectively.

Figures 7.3-7.5 depict the change of the Pareto-optimal frontier with various capacity
levels and different ownership regimes of road E. The ownership regimes of road E
have significant effects on the Pareto-optimal outcomes and domains of Pareto-improving
schemes. As shown in Figure 7.3, when road FE is free, the public sector can obtain positive
social welfare and profit gains at any Pareto-optimal solutions whenever 0 < yp < 1/4,
or equivalently, ASC ((jIE) > Cy; while the public sector can still enhance the total social
welfare with a negative profit gain whenever 1/4 < yp < (1 + \/5) /4, or equivalently,
ASC (cﬁg) < Cy < MSC", (Q};); Any combination of toll and capacity levels of road A
will result in a loss both in the welfare and profit when yp > (1—1—\/5) /4. In contrast,
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Figure 7.3: Pareto-improving scheme when road E is free

when road E is a public toll road, shown in Figure 7.4, the Pareto-improving scheme
always exists whenever 0 < yp < 1/2, or equivalently, MSCg (cjg) > (9. Beyond this
domain, the social welfare will never be improved. It is more complicated when road F is
a private sector, as revealed in Figure 7.5. As we have discussed in Subsection 7.4.3, when
MSCH (QEI) > (y, the public sector can enhance the total social welfare and obtain
positive profit return. Although the welfare-maximizing solution does not exist when
yr > (1++/5)/8, or equivalently, MSCY' (Gi') < Cy, there are the Pareto-improving
schemes that enhance the total social welfare with a positive profit gain. We also see
from Figure 7.5 that, when yg > 0.255, depicted by point A, the profit-maximizing public
sector performs better than the welfare-maximizing public sector in the sense of social
welfare. In this case, the public sector should act as a private sector to maximize the

profit when facing the competition of the private sector of road F.
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Figure 7.4: Pareto-improving scheme when road E' is a public toll road

7.6 Conclusions

An important issue is how and when to introduce a new ”add-on” road into an existing
transportation network. This chapter investigated the choices of the toll and capacity
for a new toll road added to an existing one-link transportation network with various
ownership regimes: the existing road can be free, public or private toll road. When the
alternative road is a private toll road, we assume that the operators of the two roads
simultaneously set toll and/or capacity levels, respectively, following the one-shot game
mechanism. The public sector is assumed to consider, simultaneously, the total social

welfare and net profit of the new toll road project.

We investigated the properties of the Pareto-optimal solution sets under different own-
ership regimes and investigated the existence of the Pareto-improving schemes under

different ownership regimes, which can enhance the total social welfare with a positive
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www.manaraa.com



Welfare

0.95

0.65

0.55

Positive social welfare and profit gains (profit-
maximizing public sector performs well) when

vy > 0.255

Positive social welfare and positive profit
gains (welfare-maximizing public sector

0.45

0.35
0

0.25

performs well) when
% 0 < yg < 0.255 1
o

% _
‘:h-"‘h_‘_‘
=0

| | | |
0.05 0.10 0.15 0.20
Profit

Figure 7.5: Pareto-improving schemes when road F is a private toll road

profit gain. The effects of the ownership regimes on the Pareto-optimal solution sets and

existence of the Pareto-improving schemes were also investigated in this chapter. For the

special case, such as, linear and constant-elasticity benefit function and BPR (Bureau

of Public Roads) type link travel time function, we found that, in comparison with the

first-best environment, where both roads are public toll roads, a welfare-maximizing pub-

lic sector has more incentive to invest the new road project and selects a higher capacity

level when the existing road is free, and less incentive to invest the new project and selects

a lower capacity level when the existing road is a private toll road; it is more restrictive for

the public sector to achieve a Pareto-improving outcomes when the existing road is free,

and, generally, less restrictive to achieve a Pareto-improving outcomes when the existing

road is a private toll road.
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_8_

MAJOR FINDINGS AND FUTURE RESEARCH

This chapter summarizes the major contributions of this thesis, and discusses some un-

solved problems and possible extensions.

8.1 Major Findings

This thesis contributes to road franchising studies in the following aspects.

For a highway franchising contract, the concession period, capacity and toll charge are
three primary variables, which together determine the social welfare for the whole society
during the whole life of the road and the profit of the private firm during the concession
period. This thesis built a bi-objective programming problem to model the different ob-
jectives of the participants, the public and private sectors under deterministic demand
and homogeneous trip-makers. The important concept associated with the bi-objective
programming problem, the Pareto-efficient BOT contract, is proposed to capture the
outcomes of the highway project. We analyzed the properties of Pareto-efficient BOT
contracts and established several key results on the optimal concession period, service
quality and the average social cost per trip for any Pareto-efficient BOT contract. First,
any Pareto-efficient BOT contract requires that the concession period should be the whole
life of the road. Secondly, with constant returns to scale, the volume-capacity ratio and
thus the service quality at any Pareto-efficient BOT contract coincide with the socially op-

timal levels; and the average social cost per trip is also constant along the Pareto-optimal
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frontier. A variety of government regulatory regimes were also investigated. Following
classic results in economic regulations, we discussed the outcomes of both price-cap and
rate-of-return regulations, and proved that: the private firm tends to offer a lower road
capacity and a lower service quality under the price-cap regulation, while it chooses a
higher service quality, a higher capacity and a higher toll charge under the rate-of-return
regulation than those under the corresponding Pareto-efficient solution. The road capac-
ity regulation is also inefficient. In contrast, we proved that both the demand and markup

charge regulations lead to Pareto-optimal outcomes.

To make a more practical application, this thesis examined the effects of user hetero-
geneity on properties of the Pareto-efficient BOT contracts and the outcomes of various
regulatory regimes. The user heterogeneity captured by the value-of-time is a crucial
factor in determining toll scheme and highway investment. We introduced two important
concepts-failure rate and mean residual VOT functions-to develop a theoretically tractable
method for the bi-objective programming problem with user VOT heterogeneity. Under
mild conditions commonly adopted in economics and revenue management literature, we
proved that the Pareto-optimal road-life concession period is free from the effects of user
heterogeneity, while the service quality (or, the volume-capacity ratio) is dependent on the
curvature of the mean residual VOT function. If the VOT distribution has a(n) convex
(affine, concave) mean residual VOT function, then the service quality is increasing (iden-
tical, decreasing) along Pareto-optimal frontier from social optimal solution to monopoly
optimal solution. We also investigated the effects of the user heterogeneity on the various
regulatory regimes. The user heterogeneity does have significant effects on the efficiency
of the regulations. The demand and markup regulations, which are efficient to achieve any
pre-determined Pareto-efficient BOT contract in homogeneous case, are failure to achieve
efficient outcome as the price-cap and rate-of-return regulations. Both two regimes result
in a lower investment and lower service quality. Furthermore, in contrast to the demand

regulation, the markup regulation results in a higher demand level and a higher welfare

gain.

is to consider the demand uncertainty in the highway franchising
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contract. It is impossible to achieve the Pareto-efficient BOT contract in the incomplete
environment. We adopted the principal-agent problem to model the BOT problem, in
which, the public sector (the principal) maximizes the total social welfare with the par-
ticipant constraint of the private sector (the agent). The complexity of the market and
unexpected return requirement of the private sector would cause the exhaustion of user
fee. Therefore, in our model, the public sector is allowed to participate the project using
public funds associated with an additional marginal cost. That is to say, the public sector
can compensate the private sector using subsidy to guarantee the interest of road users.
Following a benchmark study under perfect information, we found that the Pareto-efficient
contracts are not always desirable for the public sector because, along the Pareto-optimal
frontier, the transfer ratio of the marginal consumer surplus to marginal revenue in de-
mand (the monetary consumer surplus is required to equalize one HK$ revenue) tends to
exceed the marginal cost of the public funds. That is to say, given the marginal cost of
public funds, a unique critical minimum attractive rate of return (MARR) was derived.
The subsidy is not needed if the MARR does not exceed the critical value; otherwise, a
positive subsidy is desirable to increase the total weighted social welfare. In the presence
of demand uncertainty, we proposed the full and partial flexibility of the BOT contract
according to the instruments adopted by the public and private sectors, namely, a post-
ponement strategy is adopted in a two-period decision problem. Full flexibility refers to
the case in which the public sector promises an exogenous rate of return on the private
investment and in turn can freely ex post adjust the contract in a socially optimal manner
according to the observed demand curve. Partial flexibility refers to the case where the
public and private sectors agree on an ex ante demand risk allocation by contract and
the ex post contract adjustment can be made contingent on a Pareto-improvement to
both parties. A preferred Pareto-improvement can be selected from the Pareto-optimal
solution set of a bi-objective programming problem equipped with a rational preference.
Based on our two-period flexible BOT model, the optimal concession period should be set
as long as possible even when the demand is uncertain. Based on the degree of contract
flexibility (full or partial), according to the pre-determined capacity and/or toll levels,

we explicitly partition the demand state space in to several domains presenting the high,
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intermediate and low demand states. When the demand occurs in the different domains,
the corresponding strategies adopted by the public and private sectors to improve their
objective(s). In comparison with the traditional rigid contract, in which, private sector
burdens all project risk, for the contract with full flexibility, the public sector bears all
risk, but, in return has full flexibility to ex post adjust the contract variables to achieve
the desirable outcomes; while for the contract with partial flexibility, both parties share
the demand risk, and thus, the Pareto-improving ex post adjustment is required. The
flexibility of the BOT contract is valuable for contract adjustment mechanism to solve the

discrepancy between the public and private sectors and the further theoretical research.

To incorporate the road deterioration and maintenance effects into the BOT problem, this
thesis considered the dynamic BOT problem by assuming that the maintenance cost to
sustain the road quality is a natural function of road capacity, traffic load and calendar
time. In this case, the road life is endogenously determined as the time when the net
economic benefit becomes nil as maintenance cost increases. The BOT problem is modeled
as an iso-perimetric problem to maximize the social welfare with a profit constraint. As
the effect of the increasing maintenance cost over time, the private sector tends to set a
shorter concession period than the public sector does. The proposed model can be used
by the government to determine the optimal concession period, that is proved to be longer
than preferred by the private sector. We also proved that the optimal dynamic toll charge
is increasing over time, as deemed necessary for reducing traffic load and thereby lowering
down the road damage. Specially, if the marginal user damage on road is independent
of time, or each vehicle damages an old and new roads in a same way, then the optimal
toll charge is free from the effect of road natural deterioration and thus would be time-
invariant. With the effect of the increasing maintenance cost, the minimal concession
term should be imposed, together with the time-varying the demand regulation regime,

to achieve the optimal BOT contract.

As the increasing of the private provision of the public roads, specially, by highway fran-
chising contract, some links are owned by the private sectors and the transportation net-

hip regime. The private and public toll roads co-exist, together
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with the free state-owned roads. It gets more complicated when introducing some new
links or expanding the capacities of some existing links. The thesis finally addressed this
topic and investigated the effects of the network ownership regimes on toll and capacity
choices of a new link added to an existing one-link transportation network. The existing
road can be free, public or private toll road. The public sector is assumed to consider,
simultaneously, the total social welfare and net profit of the new toll road project. When
the alternative road is a private toll road, we assume that the operators of the two roads
simultaneously set toll and/or capacity levels, respectively, following the one-shot game
mechanism. We investigated the properties of the Pareto-optimal solution sets under
different ownership regimes, and analyzed the effects of the ownership regimes on those
properties. This thesis also investigated the existence of the Pareto improving schemes un-
der different ownership regimes, which can enhance the total social welfare with a positive

profit gain.

8.2 Future Research

Though we have explored many important issues of highway franchising, those issues are
indeed still need further studies, both in practical and theoretical aspects. It is valuable

to highlight those unsolved problems and issues for possible future extensions research.

The concession term is one of the important variables in setting highway franchising
contract between the public and private sectors. The fixed-term contracts are subject to
frequent renegotiations because of unforeseen contingencies (Guasch, 2004). The economic
solution proposed by Engel et al. (1997, 2008), is to set a flexible-term contract, in which,
the public road service is offered without any public expense and the contract lasts till
the private sector obtains his reserved return. As assumed in Chapter 5, the demand
uncertainty is ”static”, namely, the unknown demand can be realized or observed after
the highway is built. Under this assumption, the optimal concession period is easy to

determine. If the demand uncertainty is, more practically, "infinite”, namely, both parties
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never reveal the true demand or demand curve (Bain, 2009), the real option theory is a
useful toll to determine the optimal concession period (Dixit and Pindyck, 1994; Galera
and Solino, 2009). The problem of the determinant of the optimal concession period is
still challenge in many aspects. If, for certain practical considerations, the concession
period is subject to some constraints (such as, must be less than thirty years), then how
those constraints affect the optimal decision of the parties? As pointed in Chapter 4,
it is still not clear that whether the optimal concession period is free from the effect of
user value-of-time (VOT) heterogeneity. In addition, if the payoff of private sector is
decreasing over years, such as, the maintenance cost is increasing over year, discussed in
Chapter 7, then the willingness of the private sector to operate the depreciated road is
decreasing. In this case, it is interesting to examine the effects of the yearly-increasing

operating costs on the government regulations and auction mechanism design.

The risk identification and analysis are very complicated and challenging tasks for a BOT
toll road scheme. Miller and Lessard (2001) classified the project risks into three types:
market-related (demand, supply and financial), completion (technical, construction and
operational) and institutional risks. They pointed that transportation projects face high-
est market-related risks than the other two. The issue of demand uncertainty is addressed
in Chapter 5, however, in which, the risk allocation is assumed to be pre-determined, and
the public and private sectors are assumed to be risk neutral. We only focus the anal-
ysis on the flexibility of contract adjustment taking account of the demand realization.
In fact, how to allocate the project risk among parties is one of the difficult questions,
which has attracted an abundant of studies (Alonso-Conde et al., 2007; Dewatripont and
Legros, 2005; Guthrie, 2006; Ng and Loosemore, 2007). When the contract is awarded,
the public sector expects to transfer the investment, together with its risk, to the private
sector of the economy. However, in the presence of unforeseen contingencies, the frequent
renegotiations induce many political and economic side effects. The flexible-term contract
method, together with the Minimum Income Guarantee and Revenue Distribution Mech-
anism, are current popular methods, which can transfer a part risk back to the public

sector. A further consideration for the public sector is how to capture the risk perception
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of the private sector in his investment decision, which has significant impacts on those

risk allocation methods.

There actually remains a lot to do on this subject. In Chapter 3, the Pareto-efficient BOT
contracts are studied in an ideal world without asymmetric information and moral hazard
problem, specially, the information on cost is perfectly known to both parties. And both
parties do not take strategic action ins setting the contract. The hidden strategies are not
seldom and have resulted in cost overrun (Alexander et al., 2000; Bajari et al., 2006; Odeck,
2004). The regulatory regimes and auction mechanisms should be designed to consider
those asymmetries between the public and private sectors. In Chapter 6, the maintenance
cost is assumed to keep the initial quality of the highway (roughness, safety) as de Palma
et al. (2007a). The more practical method to view the maintenance performance as
a decision activity of the highway agency (Durango-Cohen and Madanat, 2008; Li and
Madanat, 2002), in which the highway agency chooses the frequency and intensity of
the pavement rehabilitation activities to minimize the discounted social (agency plus
users) cost over a long planning horizon for a given and known deterioration curve and
rehabilitation effectiveness. The meaningful challenge is to extend the model to add other
decision dimensions (frequency and intensity of maintenance performance) for the BOT
problem. The limitations of the model in this chapter include that the homogeneous users
and the assumption of deterministic world. To develop a model to consider those problems
is another direction of our future research. Finally, in Chapter 7, the ownership regimes
of the transportation network tends to be complicated, which has significant impacts on
the transportation policy. Such as, the equity issue of the traditional network design
problem should guarantee the interests of the existing private operators and road users
in the network; the toll scheme should take in account the action of the private operators
in the network; the planner should efficiently use the public funds and available private

funds to tradeoff the budget and exhausted use of user fare in road investment.
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